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Abstract

This is a brief set of notes written for graduate students who have a strong founda-
tion in analysis (real and complex analysis, measure theory and functional analysis),
but who have had little exposure to stochastic analysis. It covers some of the most
fundamental tools in this field — martingales, stopping times, Brownian motion,
and Itô calculus — together with the basic theory of (ordinary) stochastic differential
equations. Hopefully these notes will serve as a convenient starting point for further
study of the subject itself, and for the application of probabilistic methods to other
areas of analysis (partial differential equations, harmonic analysis, geometric analy-
sis, dynamical systems, . . . ). Much of the material is based on the lectures for the
honours/masters level courses STAT4528 and MATH4512 at the University of Sydney
in 2021, taught by Dr. Anna Aksamit and Prof. Ben Goldys.
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1 Foundations

1.1 Measures and algebras

While modern probability is built on the foundation of measure theory, it is certainly not
merely a branch of measure theory. In the wise words of Terry Tao,

At a purely formal level, one could call probability theory the study of measure
spaces with total measure one, but that would be like calling number theory
the study of strings of digits which terminate.1

We will therefore focus on measure theoretic concepts which have a distinct ‘probabilistic’
flavour (we refrain from trying to define this term rigorously), and which are particularly
useful for applications. As an analogy2, in differential geometry it is essential to emphasise
concepts and constructions which are independent of a chosen coordinate system — such
objects are considered to be ‘truly’ geometric in nature.

Definition 1.1. Let Ω be a non-empty set. A σ-algebra on Ω is a family F of subsets of Ω
satisfying

(i) Ω ∈ F ;

(ii) If A ∈ F , then Ac ∈ F ;

(iii) If Ai ∈ F for i ∈ N, then
⋃

i∈NAi ∈ F .

The pair (Ω,F) is called a measurable space.
If, instead of (iii), the family F is only closed under finite unions, then F is called an

algebra onΩ. Note that in the probability literature, (σ-)algebras are often called (σ-)fields
instead.

In the probabilistic interpretation, a σ-algebra F should contain all possible informa-
tion about a random process. Thus Ω is called the sample space, and elements of F are
called events.

If {Fi}i∈I is a family ofσ-algebras onΩ, then it is very easy to check that the intersection
F :=

⋂
i∈I Fi is also a σ-algebra on Ω. (However, the union of σ-algebras in general does

not form a σ-algebra — we leave it as an exercise to find a simple counterexample).

Definition 1.2. If G is a family of subsets of Ω, we define σ(G) to be the smallest σ-algebra
containing G. Equivalently σ(G) is the intersection of all σ-algebras on Ω containing G.
We say that σ(G) is the σ-algebra generated by G.

Example 1.1. If E is a topological space, then the Borel σ-algebra B(E) is the σ-algebra
generated by the open subsets (equivalently, the closed subsets) of E.

Traditionally, when taking a first course in measure theory, we begin by defining
measures on σ-algebras. Let us recall:

Definition 1.3. Let (Ω,F) be a measurable space. A map µ : F → [0,∞] is called a
measure if

(i) µ(∅) = 0;

(ii) If Ak ∈ F , k ∈ N are mutually disjoint (i.e. Ak ∩Aj = ∅ if k ̸= j), then

µ

( ⋃
k∈N

Ak

)
=

∞∑
k=1

µ(Ak).

1Source: p. 2 of Topics in Random Matrix Theory.
2Also shamelessly taken from Tao’s book on random matrix theory.
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The triple (Ω,F , µ) is called a measure space. If µ(Ω) <∞, µ is said to be a finite measure,
and if µ(Ω) = 1, µ is a probability measure. In that case, we write P := µ. Finally, if
(Ω,F , µ) is called a σ-finite measure space, and µ is a σ-finite measure, if Ω can be written
as a countable union of elements in F with finite µ-measure.

Remark 1.2. If a certain statementA holds with probability 1, we say thatA holds almost
surely (or P-almost surely, if we need to specify which probability measure), which is
abbreviated ‘a.s’.

We recall the following basic continuity properties.

Proposition 1.3 (Continuity properties of measures). Let (Ω,F , µ) be a measure space.

(i) Let (An)
∞
n=1 be an increasing sequence of sets in F , i.e. An ⊆ An+1 for all n ∈ N. Define

A :=
⋃∞

n=1An. Then limn→∞ µ(An) = µ(A) and the convergence is monotone.

(ii) Let (An)
∞
n=1 be a decreasing sequence of sets in F , i.eAn ⊇ An+1 for all n ∈ N, and suppose

µ(An0) < ∞ for some n0. Define A :=
⋂∞

n=1An. Then limn→∞ µ(An) = µ(A) and the
convergence is monotone.

Proof. (i): Firstly, we rewrite A as a countable disjoint union. Define A0 = ∅ and Dn =
An\An−1. Then it is clear that theDn are disjoint, andA =

⋃∞
n=1Dn. SinceAn =

⋃n
k=1Dn,

by the finite additivity of measures, we have
∑n

k=1Dk = µ(An). Hence

µ

( ∞⋃
n=1

Dn

)
=

∞∑
n=1

µ(Dn) = lim
n→∞

n∑
k=1

µ(Dk) = lim
n→∞

µ(An)

using countable additivity.
(ii): Since we are interested in n → ∞, we may assume µ(A1) < ∞ without loss of

generality. Note that the sequence (A1 \An)
∞
n=1 is increasing and

⋃∞
n=1(A1 \An) = A1 \A.

By part (i) we deduce

lim
n→∞

µ(An) = lim
n→∞

(µ(A1)− µ(A1 \An))

= µ(A1)− µ(A1 \A) = µ(A1)− (µ(A1)− µ(A)) = µ(A).

Exercise 1.1. (i) Give an example to show that the finiteness assumption in Proposi-
tion 1.3(ii) cannot be omitted.

(ii) Show that for finite measure spaces, the defining axioms for a measure are equivalent
to the following conditions:

(a) µ(∅) = 0;
(b) If A,B ∈ F are disjoint, then µ(A ∪B) = µ(A) + µ(B).
(c) For every sequence of decreasing sets (An)

∞
n=1 ⊂ F , it holds that limn→∞ µ(An) =

limn→∞ µ(A), where A :=
⋂

n∈NAn.

One problem is that the σ-algebras we often encounter in applications are extremely
large families of sets (try to imagine the family of all Borel sets of R, for example!), and it is
impractical to prove that certain statements are true for all events. A more ‘probabilistic’
approach is to find a ‘convenient’ family G of subsets — usually much smaller than a
σ-algebra — of the sample space Ω which generates a sufficiently rich σ-algebra. The
following exercise illustrates a simple but important example of this way of thinking.
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Exercise 1.2. Let Ω = R, and consider the family of subsets

G := {(−∞, r] ⊂ R : r ∈ Q}.

Show that σ(G) = B(R).

Thus, in practice, the goal is firstly to work with measures on a smaller family G,
then extend to the larger σ-algebra. There are many technical tools in probability theory
developed for this very purpose.

Definition 1.4. Let Ω be a non-empty set. A family K of subsets of Ω is called a π-system
if ∅ ∈ K, and K is closed under intersections.

A family L of subsets of Ω is called a λ-system if

(λ0) ∅ ∈ L;

(λ1) A ∈ L =⇒ Ac ∈ L;

(λ2) If Ak ∈ L, k ∈ N, are mutually disjoint, then
⋃

k∈NAk ∈ L.

Clearly a σ-algebra is a λ-system. Notice that a λ-system is ‘almost’ a σ-algebra, the
key difference is in condition (λ2).

Exercise 1.3. (i) Give an example of a λ-system which is not a σ-algebra.

(ii) Show that a family F of subsets of Ω is a σ-algebra if and only if F is both a π-system
and a λ-system.

Theorem 1.4 (Dynkin πλ theorem). Let Ω be a non-empty subset, and suppose K is a π-system
on Ω. If L is the smallest λ-system containing K, then

σ(K) = L.

Proof. The idea is to show that L is actually a π-system as well. Then by Exercise 1.3, L is
a σ-algebra. However, by the assumption, it is then the smallest σ-algebra containing K,
and hence the theorem is proved.

Clearly ∅ ∈ K ⊆ L. Fix an arbitrary B ∈ L, and define

LB := {A ∈ L : A ∩B ∈ L} ⊆ L.

We will show that LB = L for all B ∈ L. Observe that if A ∈ LB , then Ac ∩ B =
(A ∩B)c ∩B ∈ L. This shows that Ac ∈ LB , so LB satisfies condition (λ1). Now defining
LA analogously (for any A ∈ L), we find that LA satisfies (λ2). Indeed, if Bk ∈ LA, k ∈ N
are mutually disjoint, then A ∩Bk ∈ L are mutually disjoint, thus

(
⋃
k∈N

Bk) ∩A =
⋃
k∈N

(Bk ∩A) ∈ L

because L is a λ-system. If we take A ∈ K, it follows that K ⊆ LA and hence LA = L for
all A ∈ K, by the minimality condition of L. In particular, we have proved that

A ∈ K, B ∈ L =⇒ A ∩B ∈ L.

This shows that K ⊆ LB . However, by arguments used above, LB satisfies (λ2) as well,
so LB is a λ-system. By minimality of L, we have that LB = L for all B ∈ L, which is the
desired conclusion.
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One of the most common applications of Dynkin’s theorem is to show that if two
probability measures defined on the same σ-algebra agree on ‘sufficiently many’ events,
then the measures coincide. Let us prove a more general statement.

Theorem 1.5 (Uniqueness of measures). Let K be a π-system on Ω, and let µ, ν be σ-finite
measures defined on σ(K). Assume that µ(B) = ν(B) for allB ∈ K. If there exists an increasing
sequence of sets (An)n∈N ⊂ K such that

⋃
n∈NAn = Ω, and µ(An), ν(An) <∞ for each n ∈ N,

then µ(B) = ν(B) for all B ∈ σ(K).

Proof. For each n ∈ N, we define

Ln := {B ∈ σ(K) : µ(An ∩B) = ν(An ∩B)}.

Since µ, ν agree on the π-system K, it follows immediately that K ⊆ Ln for all n ∈ N. We
need to show that each Ln is a λ-system.

It is trivial that ∅ ∈ Ln. If B ∈ Ln, then

µ(Bc ∩A) = µ(An)− µ(An ∩B) = ν(An)− ν(An ∩B) = ν(Bc ∩A),

and hence Bc ∈ Ln. Finally, let (Bk)k∈N ⊂ Ln be a disjoint sequence of sets. Then

µ

(
An ∩ (

∞⋃
k=1

Bk)

)
=

∞∑
k=1

µ(An ∩Bk)

=

∞∑
k=1

ν(An ∩Bk) = ν

(
An ∩ (

∞⋃
k=1

Bk)

)

which shows that
⋃

k∈NBk ∈ Ln. Hence each Ln is a λ-system.
By Dynkin’s theorem (1.4), we obtain σ(K) ⊆ Ln for every n ∈ N. Hence µ(An ∩B) =

ν(An∩B) for everyB ∈ σ(K), for all n ∈ N. The proof is completed by taking n→ ∞.

Corollary 1.6. Let (Ω,F) be a measurable space, and suppose K is a π-system on Ω. If µ, ν are
probability measures that agree on K, then µ and ν agree on σ(K).

Proof. Define L to be the collection of all sets B ⊆ Ω such that µ(B) = ν(B). Then L is a
λ-system containing K. The conclusion follows immediately from Theorem 1.5 by taking
the trivial sequenceAn = Ω for all n ∈ N, or alternatively it follows directly from Dynkin’s
theorem as well.

In some situations, it is convenient to work with a family of subsets that is ‘almost’ a
σ-algebra.

Definition 1.5. Let Ω be a non-empty set. A family F0 of subsets of Ω is called an algebra
if

(i) Ω ∈ F0;

(ii) If A ∈ F0, then Ac ∈ F0;

(iii) If A1, . . . , An ∈ F0, then
⋃n

k=1Ak ∈ F0.

A set function µ : F0 → [0,∞] is a measure on an algebra F0 if µ(∅) = 0, and if (An)
∞
n=1 is

a disjoint family of sets in F0 such that
⋃∞

n=1An ∈ F0 (note that this is an assumption!),
then

µ

( ∞⋃
n=1

An

)
=

∞∑
n=1

µ(An).
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As we can plainly see, the key difference is that an algebra is only closed under finite
unions. It is also clear that an algebra is a π-system.

So far, we have started with a measure defined on a σ-algebra. However, since σ-
algebras are typically very large families of sets, it is often more convenient in practice to
define a measure on an algebra F0. We may then ask if such a measure can be extended
to a σ-algebra containing F0. An affirmative answer is given by a fundamental theorem
due to Carathéodory.

To include: Caratheodory extension theorem; Product measure

1.2 Random variables and independence

Definition 1.6. Let (Ω,F) and (E,G) be measurable spaces. An E-valued random vari-
able on Ω is a measurable function X : Ω → E. Measurability means that

X−1(A) ∈ F for all A ∈ G. (1.1)

We often say thatX is F-measurable, especially in cases when we work with multiple
σ-algebras on the same sample space. The codomain of the mapping X : Ω → E is
often called the state space, especially when studying stochastic differential equations
and dynamical systems. In elementary probability, by far the most common choice of the
state space (E,G) is (Rn,B(Rn)). In fact, the name ‘random variable’ is often reserved for
measurable functions X : Ω → Rn. For more advanced topics in analysis, E is typically
a complete, separable metric space (often called a Polish space), and G = B(E) is the
σ-algebra of Borel subsets of E.

Exercise 1.4. Let (Ω,F), (E,G) be measurable spaces, and X : Ω → E a random variable.
Show that

X−1(G) := {X−1(A) : A ∈ G}

is a σ-algebra on Ω.

The σ-algebra constructed in Exercise 1.4 is the smallest σ-algebra with respect to
which X is measurable. We have a special notation reserved for this construction.

Definition 1.7. Let (Ω,F), (E,G)be measurable spaces, andX : Ω → E a random variable.
We define

σ(X) := X−1(G)

and call it the σ-algebra generated by X .
More generally, if {Xα}α∈I is a family of E-valued random variables on Ω, the σ-

algebra generated by the family {Xα}α∈I is defined as

σ(Xα : α ∈ I) := σ({σ(Xα)}α∈I).

The reader who is thinking probabilistically should already suspect that in order to
prove that a given function is a random variable, one does not need to check condition (1.1)
for all A ∈ G.

Proposition 1.7. Let (Ω,F), (E,G) be measurable spaces, and suppose that G0 is a family of
subsets of E such that G = σ(G0). Then X : Ω → E is a random variable if and only if
X−1(B) ∈ F for all B ∈ G0.

Proof. Assume that X−1(B) ∈ F for all B ∈ G0. Consider the family of subsets

G′ := {A ∈ E : X−1(A) ∈ F}.
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It is easy to verify that G′ is a σ-algebra on E. By assumption, we have G0 ⊆ G′. It follows
that

G = σ(G0) ⊆ σ(G′) = G′,

but this implies that X−1(A) ∈ F for all A ∈ G.

Using the above proposition, we can obtain the following result which is often used
as a definition in basic probability courses. We leave the proof as a simple exercise.

Corollary 1.8. A map X : (Ω,F) → (R,B(R)) is a random variable if and only if

(X ≤ r) := X−1((−∞, r]) ∈ F for all r ∈ R.

More generally, if X is an E-valued random variable, where (E,G) is a measurable
space, we can write

(X ∈ A) := {ω ∈ Ω : X(ω) ∈ A} = X−1(A) for all A ∈ G.

We have the following essential concept.

Definition 1.8. Let (Ω,F ,P) be a probability space, and (E,G) a measurable space. If
X : Ω → E is a random variable, then the law or distribution of X is denoted by PX or
X#P, and is defined to be the measure

X#P(A) := P(X ∈ A) = P({ω ∈ Ω : X(ω) ∈ A}), ∀A ∈ G.

It is also called the pushforward of P by X .
If (E,G) = (R,B(R)), then the function FX : R → [0, 1] defined by

FX(t) := P(X ≤ t)

is called the distribution function of X (or often, simply the distribution of X).

Another uniquely probabilistic concept is that of independence of events and random
variables. Recall the following definition from elementary probability: if A,B are events
withP(A) > 0, then the conditional probability ofB givenA, denoted byP(B|A), is defined
as

P(B|A) = P(A ∩B)

P(A)
.

We say that the events A,B are independent if P(B|A) = P(B). In other words, knowl-
edge that A occurred tells us nothing more about the probability of B. From the above
formula, we see that this is equivalent to

P(A ∩B) = P(A)P(B).

The above identity is then taken to be the definition of independence for a pair of events.
Although we will introduce more abstract notions of independence, it is nonetheless
useful to keep the elementary perspective in mind.

Definition 1.9. Let (Ω,F ,P) be a probability space. A finite collection of events {Ai}ni=1 ⊂
F is independent if for any subset of distinct indices {i1, . . . , ik} ⊆ {1, . . . , n}, it holds
that

P(Ai1 ∩ . . . ∩Aik) =

k∏
j=1

P(Aij ).

An infinite (possibly uncountable) collection of events {Ai}i∈I ⊂ F is independent if
every finite sub-collection {A1, . . . , An} is independent in the sense defined above.
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The following example shows that it is necessary to consider all finite sub-collections
of the sets A1, . . . , An.

Example 1.9. Let Ω = {1, 2, 3, 4, 5, 6}, and consider the eventsA1 = {1, 2, 3, 4},A2 = A3 =
{4, 5, 6}. Clearly these events are not independent, but nevertheless

P(A1 ∩A2 ∩A3) = P(A1)P(A2)P(A3) =
1

6
.

Let us extend the notion of independence to σ-algebras and random variables.

Definition 1.10. Let (Ω,F ,P) be a probability space. A family {Fi}i∈I of sub-σ-algebras
of F is called independent if for every finite index set J ⊆ I and every collection of events
{Aj}j∈J with Aj ∈ Fj , it holds that

P

( ⋂
j∈J

Aj

)
=
∏
j∈J

P(Aj). (1.2)

A family of {Xi}i∈I of random variables on Ω is independent if the corresponding family
of σ-algebras {σ(Xi)}i∈I is independent in the sense defined above.

Exercise 1.5. Let X1, . . . , Xn be independent random variables on (Ω,F ,P). Find the
distribution functions of the random variables Y := min1≤k≤nXk andZ := max1≤k≤nXk.

Once again, we would like criteria for independence that involves smaller families of
events. Unsurprisingly, the following result can be derived from Dynkin’s theorem.

Proposition 1.10. Let {Ki}i∈I be a collection of π-systems on the probability space (Ω,F ,P),
and denote Fi := σ(Ki). The σ-algebras {Fi}i∈I are independent if for every finite index set
J ⊆ I and for any collection of events Aj ∈ Kj , j ∈ J , identity (1.2) holds.

Proof. Let i1, i2 ∈ I and fix an arbitrary A2 ∈ Ki2 . Define

G := {A1 ∈ Fi1 : P(A1 ∩A2) = P(A1)P(A2)}.

We leave it as an exercise to check that G satisfies the conditions of Dynkin’s theorem (1.4).
Consequently G = σ(Ki1) = Fi1 . By an analogous argument for Ki2 (fixing an arbitrary
A1 ∈ Ki1), we find

P(A1 ∩A2) = P(A1)P(A2) ∀A1 ∈ Ki1 , ∀A2 ∈ Ki2 .

For an arbitrary finite index set {i1, . . . , in} ⊆ I , we simply proceed by induction.

The previous proposition yields the following extremely useful corollary.

Proposition 1.11. The random variables X1, . . . , Xn : Ω → R are independent if and only if

P

( n⋂
k=1

(Xk ≤ xk)

)
=

n∏
k=1

P(Xk ≤ xk) (1.3)

for all choices of xk ∈ R.

We conclude this section by recalling some basic notions associated with Rn-valued
random variables.
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Definition 1.11. LetX : Ω → Rn be a random variable on the probability space (Ω,F ,P).
The expectation of X is the vector defined by

E(X) :=

∫
Ω
X dP =

∫
Ω
X(ω)P(dω)

where the integral is understood in the Lebesgue sense. The random variable X is called
integrable if E|X| <∞.

If mj := E(Xj), then the covariance matrix Q of X is defined by

Qjk := Cov(Xj , Xk) := E[(Xj −mj)(Xk −mk)] (j, k = 1, . . . , n).

The variance of X : Ω → R is

Var(X) := E(X −E(X))2 = E(X2)−E(X)2.

If X,Y are both real-valued random variables, their covariance is defined by

Cov(X,Y ) := E[(X −E(X))(Y −E(Y ))].

Exercise 1.6 (Important!). Let X,Y : Ω → R be random variables.

(i) Show that if X,Y are independent, then

E(XY ) = E(X)E(Y ).

(ii) Is the converse statement true?

[Hints: (i) Verify the identity for indicator functions first. Then recall that non-negative
random variables can be approximated from below by simple random variables, and
finally, decompose into positive and negative parts to obtain the general result. (ii) No.]

We briefly recall the definitions of the Lebesgue spaces. If X,Y : Ω → R are random
variables on a probability space (Ω,F ,P), we can define an equivalence relation

X ∼ Y
def.⇐⇒ P(X = Y ) = 1.

For 1 ≤ p < ∞, the space Lp(Ω,F ,P), or simply Lp(Ω) if we suppress the dependence
on the measure and σ-algebra, is the vector space of (equivalence classes of) random
variables such that

∥X∥p :=
(∫

Ω
|X|p dP

)1/p

= (E|X|p)1/p <∞.

If p = ∞, then the space L∞(Ω,F ,P) consists of all essentially bounded random variables,
i.e. random variables such that

∥X∥∞ := ess supω∈Ω|X(ω)| := inf{c ≥ 0 : P(|X(ω)| ≤ c) = 1} <∞.

For each 1 ≤ p ≤ ∞, the functional ∥ · ∥p defines a norm on Lp(Ω). It is well-known that
each Lp(Ω) is a Banach space with respect to Lp norm.

Proposition 1.12. Let X : Ω → R be a random variable. For any non-negative Borel function
f : R → [0,∞), it holds that

E[f(X)] =

∫
R
f(x)PX(dx). (1.4)

Moreover, f ◦X ∈ L1(Ω,F ,P) if and only if f ∈ L1(R,B(R),PX). In this case, formula (1.4)
holds as well.
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Proof. We use the standard approximation argument. First assume that f = 1A, where
A ∈ B(R) (recall that 1A is the indicator function of an event A). Using the definition of
the law PX , we have

E(1A ◦X) =

∫
Ω
1(X∈A) dP = P(X ∈ A) =

∫
R
1A(x)PX(dx).

For a non-negative Borel function f , we approximate from below by simple functions and
use the monotone convergence theorem to obtain (1.4). For a general Borel function, we
can decompose into positive and negative parts, f = f+ − f−. Then f+ ◦ X − f− ◦ X
is the decomposition of f ◦ X into positive and negative parts, since (f+ ◦ X)(ω) > 0
implies that (f− ◦X)(ω) = 0, and vice versa. The previous argument can then be applied
separately to f+ ◦X and f− ◦X .

The integrals in the formula are finite if and only if f ◦ X ∈ L1(Ω,F ,P) and f ∈
L1(R,B(R),PX).

1.3 Conditional expectation

Let (Ω,F ,P) be a probability space, and consider an event A ∈ F with P(A) > 0. Given
a random variable X : Ω → R with finite expectation, we may recall the following
elementary formula for the conditional expectation of X given A:

E(X|A) = 1

P(A)

∫
A
X dP. (1.5)

Thus E(X|A) is exactly the average of X over the set A. The intuition is that if we have
prior knowledge about the random process modelled by X — e.g. if we know that a
certain event A has happened — then we only need to average over that event.

Next, we would like to make sense of the expression E(X|Y ), where Y is now another
random variable. This should represent our ‘best guess’ of the values of the random
variable X given the values of Y . In fact, this is a fundamental question of statistics: Y
should be viewed as a random sample (or the outcome of an experiment), and we wish to
infer information about the phenomenon modelled byX based on the limited information
given by Y .

Let us consider the following simple but instructive example.

Example 1.13. Suppose the sample space Ω decomposes as a finite disjoint union Ω =⋃n
i=1Ai of eventsAi ∈ F such thatP(Ai) > 0 for all i = 1, . . . , n, and let Y be the following

random variable:

Y =

n∑
i=1

ai1Ai , ai ∈ R.

Without loss of generality we can assume that the numbers ai are distinct. Since Y is
constant on each Ai, if we know the value of Y (ω), then we know which of the events
A1, . . . , An contains that sample point ω. Given only this information, our best guess of
the values of X should therefore be the average over the corresponding events. Namely,
we define the random variable

E(X|Y )(ω) :=
1

P(Ai)

∫
Ai

X dP for ω ∈ Ai (i = 1 . . . , n). (1.6)

This can be rewritten more succinctly as

E(X|Y ) =

n∑
i=1

E(X|Ai)1Ai .

The random variable (1.6) has the following properties (which the reader can verify easily):
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(i) E(X|Y ) is measurable with respect toG := σ(Ai : 1 ≤ i ≤ n), theσ-algebra generated
by the sets Ai; and

(ii)
∫
B E(X|Y ) dP =

∫
BX dP for all B ∈ G. In particular, E[E(X|Y )] = E(X).

From the definition (1.6), one observes that the precise values of Y are not crucial, and
it is rather the σ-algebra generated by Y that matters. This is the key insight behind the
measure-theoretic treatment of conditional expectation.

Definition 1.12. Let (Ω,F ,P) be a probability space, and G ⊆ F a sub-σ-algebra. Let
X : Ω → R be an integrable random variable. A random variable Z : Ω → R is called a
conditional expectation given G if

(i) Z is G-measurable;

(ii)
∫
B Z dP =

∫
BX dP for all B ∈ G.

Theorem 1.14. Let (Ω,F ,P) be a probability space with G ⊆ F a sub-σ-algebra, and let
X : Ω → R be a random variable with E|X| < ∞. Then there exists a P-almost surely unique
conditional expectation, denoted by E(X|G).

Proof. The proof is a straightforward application of the Radon-Nikodym theorem.
Existence: We first assume X ≥ 0 almost surely. Consider the probability measure P

restricted to (Ω,G), and define ν(A) := E(X1A) for all A ∈ G, which is clearly a finite
measure on (Ω,G). If P(A) = 0, then ν(A) = 0, so ν is absolutely continuous with respect
to P. Hence, by the Radon-Nikodym theorem, there exists a G-measurable function g ≥ 0
such that

ν(A) =

∫
A
X dP =

∫
A
g dP ∀A ∈ G.

This shows that g is a conditional expectation. For a general X , we consider X+ and
X− (the positive and negative parts) as usual, and the Radon-Nikodym theorem yields
respectively a g+ and g−. Then g = g+ − g− is the required conditional expectation.

Uniqueness: this is actually part of the Radon-Nikodym theorem as well, but we
present the argument separately to highlight a useful technique. Consider conditional
expectations Z1, Z2. Then both random variables are G-measurable, so

B := (Z1 > Z2) := {ω ∈ Ω : Z1(ω) > Z2(ω)} ∈ G.

By definition of conditional expectation, we have

E(Z11B) = E(X1B) = E(Z21B).

Then E((Z1 − Z2)1B) = 0, and since Z1 − Z2 > 0 on B, we conclude that B has measure
0. The same argument applies for the G-measurable set B′ := (Z2 > Z1). Thus Z1 = Z2

holds P-almost surely.

Exercise 1.7. Suppose we toss a fair coin twice. The sample space for this experiment is
Ω = {HH,HT, TH, TT}, where H and T denote ‘heads’ and ‘tails’ respectively. Let A
be the event that heads occurs first, and let X be the random variable that records the
number of heads.

(i) Determine G := σ({A}).

(ii) Compute E(X|G) explicitly. [Solution: E(X|G) = 3
21A + 1

21Ac .]

We present some essential properties of the conditional expectation that will be fre-
quently used.

12



Proposition 1.15. Let the conditions of Definition 1.12 hold. In the following assertions, all
pointwise equalities and inequalities are understood to hold P-almost surely.

(i) If X is G-measurable, then E(X|G) = X .

(ii) Linearity: If X,Y are integrable, then E(aX + bY |G) = aE(X|G) + bE(Y |G).

(iii) Positivity preserving: If X ≥ 0, then E(X|G) ≥ 0.

(iv) Monotonicity: If X1 ≤ X2 and both are integrable, then E(X1|G) ≤ E(X2|G).

(v) E(X) = E[E(X|G)].

(vi) ‘Tower property’: If G1 ⊆ G2 ⊆ F , then

E(X|G1) = E[E(X|G2)|G1] = E[E(X|G1)|G2].

(vii) If G and σ(X) are independent, then E(X|G) = E(X).

(viii) If 0 ≤ Xn ↑ X as n→ ∞ with E(X) <∞, then E(Xn|G) ↑ E(X|G) as n→ ∞.

Proof. Assertion (i) is obvious by the uniqueness of conditional expectation. Property (iii)
follows from the Radon-Nikodym theorem, and (iv) clearly follows by combining (ii) and
(iii). Identity (v) follows by takingB = Ω in the definition of conditional expectation, and
(viii) is a consequence of the monotone convergence theorem — we leave it as an exercise
to fill in the details.

(ii): Define Z := aX + bY , and let A ∈ G be arbitrary. Using the definition of
conditional expectation and linearity of the Lebesgue integral, we compute∫

A
Z dP =

∫
A
(aX + bY ) dP = a

∫
A
X dP+ b

∫
A
Y dP

= a

∫
A
E(X|G) dP+ b

∫
A
E(Y |G) dP

=

∫
A
[aE(X|G) + bE(Y |G)] dP.

Hence ∫
A
E(Z|G) dP =

∫
A
Z dP =

∫
A
[aE(X|G) + bE(Y |G)] dP.

Since the above holds for all A ∈ G, by the uniqueness of conditional expectations, we
conclude E(Z|G) = aE(X|G) + bE(Y |G).

(vi): From the definition of conditional expectation, E(X|G1) is G1-measurable. If
G1 ⊆ G2, then E(X|G1) is G2-measurable as well, and thus E(X|G1) = E[E(X|G1)|G2] by
(i). Now take an arbitrary A ∈ G1. We have∫

A
E(X|G1) dP =

∫
A
X dP =

∫
A
E(X|G2) dP

since A ∈ G2 as well. This proves that E(X|G1) = E[E(X|G2)|G1], by the uniqueness of
conditional expectation.

(vii): If G and σ(X) are independent, then for all A ∈ G, we have

E[E(X)1A] = E(X)E(1A) =
indep.

E(X1A) = E[E(X|G)1A].

Hence, by the uniqueness of conditional expectation, we have E(X|G) = E(X).

13



Exercise 1.8. Let the conditions of Definition 1.12 hold. In this exercise, all random
variables are real-valued.

(i) Consider the Banach space E = L1(Ω,F ,P) of random variables such that E|X| <
∞. Define an operator T by

T (X) := E(X|G), ∀X ∈ E.

Show that T is a bounded projection on E (i.e. T is a bounded linear operator on E
such that T 2 = T ). How can the tower property be interpreted in terms of properties
of projection operators?

(ii) Prove that if X ∈ L∞(Ω,F ,P) (i.e. X is almost surely bounded), then

∥E(X|G)∥∞ ≤ ∥X∥∞.

(iii) (Geometric significance of conditional expectation) Consider the Hilbert space H =
L2(Ω,F ,P). Check that the subspace V := L2(Ω,G,P) of G-measurable random
variables in H is a closed subspace of H . Then prove that

E(X|G) = min
Z∈V

∥X − Z∥H ,

and deduce that E(X|G) is the orthogonal projection of X onto V .

The next result is also a fundamental property of conditional expectation, and it is
informally called ‘taking out what is known’.

Proposition 1.16. Suppose X ∈ L1(Ω,F ,P) and Y ∈ L∞(Ω,G,P). Then

E(XY |G) = YE(X|G). (1.7)

Proof. It is clear that YE(X|G) is a G-measurable random variable. We first prove that
E(XY ) = E(YE(X|G)) for all Y ∈ L∞(Ω,G,P). Indeed, recall from the proof of Theo-
rem 1.14 that E(X|G) is the density of the measure ν(A) :=

∫
AX dP with respect to P.

Hence
E(YE(X|G)) =

∫
Ω
YE(X|G) dP =

∫
Ω
Y dν =

∫
Ω
XY dP = E(XY )

as claimed.
Now let A ∈ G be arbitrary. Then Y 1A is a bounded, G-measurable random variable,

and thus we use the above arguments with Y replaced by Y 1A to deduce

E[E(XY |G)1A] = E(XY 1A) = E[Y 1AE(X|G)].

Since this holds for all A ∈ G, we conclude that E(XY |G) = YE(X|G).

Remark 1.17. (i): In the above proof, we first had to show that E(XY ) = E(YE(X|G)) for
allY ∈ L∞(Ω,G,P). In fact, this yields an equivalent definition of conditional expectation.
More precisely: Z is a G-measurable random variable such that E(XY ) = E(ZY ) for all
Y ∈ L∞(Ω,G,P) if and only if Z = E(X|G). The ‘if’ direction is proved above; the
converse follows by taking Y = 1A in the equation E(XY ) = E(ZY ) and letting A vary
over all events in G.

(ii): Proposition 1.16 also holds if X ∈ Lp(Ω,F ,P) and Y ∈ Lp′(Ω,G,P), where
1
p + 1

p′ = 1.

We present Jensen’s inequality for conditional expectation.
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Theorem 1.18. Let X : Ω → R be a random variable with E|X| <∞. If Φ : R → R is a convex
function such that E|Φ(X)| <∞, then

Φ(E(X|G)) ≤ E(Φ(X)|G).

Proof. Since Φ is convex, for all x0 ∈ R there exists m0 ∈ R such that

Φ(x)− Φ(x0) ≥ m0(x− x0), ∀x ∈ R.

(That is, Φ lies above its tangent line at x0). Let x = X(ω) and x0 = E(X|G)(ω). Then

Φ(X(ω))− Φ(E(X|G)(ω)) ≥ m0(X(ω)−E(X|G)(ω)) ∀ω ∈ Ω.

We apply conditional expectations to both sides to obtain

E(Φ(X)|G)−E[Φ(E(X|G))|G] ≥ m0E
[
X −E(X|G)|G

]
= 0.

Since Φ(E(X|G)) is G-measurable, we conclude

E(Φ(X)|G) ≥ E[Φ(E(X|G))|G] = Φ(E(X|G))

as claimed.

Example 1.19. Commonly used convex functions include x 7→ |x| and x 7→ xp for x ≥ 0
and p ≥ 1. In financial maths, the convex function x 7→ (x − a)+ for a fixed a ∈ R is
fundamental (look up ‘call options’).

Exercise 1.9. Prove the conditional Fatou lemma: if (Xn)n∈N is a sequence of non-negative
random variables on Ω, then

E(lim inf
n→∞

Xn|G) ≤ lim inf
n→∞

E(Xn|G) (1.8)

for any sub-σ-algebra G ⊆ F .

We motivated the abstract definition of conditional expectation with an elementary
interpretation of the quantity E(X|Y ). This can now be defined in the measure-theoretic
framework.

Definition 1.13. Let (Ω,F ,P) be a probability space, and suppose X,Y : Ω → R are
random variables such that E|X| <∞. We define

E(X|Y ) := E(X|σ(Y )). (1.9)

Since E(X|Y ) is σ(Y )-measurable, intuitively speaking E(X|Y ) is ‘made up of infor-
mation about Y ’, so we expect that E(X|Y ) = g(Y ) for some function g : R → R. This
intuition turns out to be correct, and is a direct consequence of the Doob-Dynkin lemma.

Theorem 1.20 (Doob, Dynkin). Let (Ω,F) be a measurable space, and supposeX : Ω → R is a
random variable. Then for any σ(X)-measurable random variable Y : Ω → R, there exists a Borel
function g : R → R such that Y = g(X).

Proof. We use again the standard approximation argument. If Y = 1A for some A ∈ F .
Since Y is σ(X)-measurable by assumption, we have necessarily A ∈ σ(X), and thus
A = (X ∈ B) for some Borel set B ⊆ R. Then Y = 1(X∈B) = 1B ◦X , so g(x) := 1B(x) is
the required Borel function. Note that g ≥ 0.

Let Y be a simple, σ(X)-measurable random variable, so Y =
∑n

k=1 αk1Ak
whereAk ∈

σ(X) and αk ∈ R. By the previous paragraph, there exist Borel functions gk : R → [0,∞)
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such that 1Ak
= gk(X). Thus Y =

∑n
k=1 αkgk(X), and g :=

∑n
k=1 αkgk is a non-negative

Borel function such that Y = g(X).
If Y ≥ 0 is σ(X)-measurable, there exists a sequence (Yn)n∈N of non-negative, simple,

σ(X)-measurable random variables such that Yn ↑ Y . From the previous step, there is a
corresponding sequence of non-negative Borel functions (gn)n∈N such that Yn = gn(X)
for all n ∈ N, and thus Y (ω) = limn→∞ gn(X(ω)) for all ω ∈ Ω. We define g : R → [0,∞)
by

g(x) :=

lim sup
n→∞

gn(x) if the limsup is finite

0 otherwise.

Recall that the pointwise limit superior3 of measurable functions is measurable, hence
g is a non-negative Borel function. Then clearly we have g(X) = lim supn gn(X) =
limn gn(X) = Y .

Finally, for general sign-changing Y , we apply the above arguments to Y + and Y −

separately, yielding non-negative Borel functions g1 and g2 such that g1(X) = Y + and
g2(X) = Y −. We then conclude Y = Y + − Y − = g1(X) − g2(X), so g := g1 − g2 is the
required Borel function.

In many applications, we observe the outcome of some experiment described by a
random variable Y , and we want to obtain the expectation of another random variable X
given this information. This leads to an expression of the form E(X|Y = y). Although
(Y = y) is an event, in most cases of interest (e.g. the law of Y has a continuous density
with respect to Lebesgue measure), it has probability 0, so E(X|Y = y) a priori does
not appear to make sense. However, Theorem 1.20 now gives a way to define such an
expression.

Definition 1.14. Let (Ω,F ,P) be a probability space, and suppose X,Y : Ω → R are
random variables with E|X| <∞. We define

E(X|Y = y) := g(y) (1.10)

where g : R → R is a Borel function such that g(Y ) = E(X|Y ).

Exercise 1.10. Consider the setting of Example 1.13, where Y =
∑n

k=1 ak1Ak
. Verify that

the quantity E(X|Y = y) when interpreted in the elementary way (1.6) is consistent with
Definition 1.14.

The following example shows how to compute conditional expectations in practice.

Example 1.21 (Conditional densities). Let X,Y : Ω → R be random variables. Suppose
that the law of the random vector (X,Y ) ∈ R2 has a joint density with respect to the
Lebesgue measure on R2, i.e. there exists an integrable function fXY : R2 → [0,∞) such
that

P((X,Y ) ∈ A) =

∫
A
fXY (x, y) dxdy ∀A ∈ B(R2).

In particular, this means that

E[g(X,Y )] =

∫
Ω
g(X,Y ) dP =

∫
R2

g(x, y)fX,Y (x, y) dxdy

3Strictly speaking, we need to define G := lim supn gn first, which takes values in the extended halfline
[0,∞], and then we obtain g as a modification. We will be slightly casual about this technical point.
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for all suitable Borel functions g : R2 → R (the precise conditions are analogous to
Proposition 1.12). The individual densities of the laws of X and Y are recovered by the
Fubini-Tonelli theorem. In the case of Y , we have

P(Y ∈ B) = P((X,Y ) ∈ R×B) =

∫
R

∫
B
fXY (x, y) dxdy =

∫
B

∫
R
fXY (x, y) dx dy

for all Borel sets B ⊆ R. A similar calculation holds for X , and thus we can identify the
densities of X#P and Y#P respectively as

fX(x) :=

∫
R
fXY (x, y) dy, fY (y) :=

∫
R
fXY (x, y) dx.

For every y ∈ R such that fY (y) ̸= 0, we can define the conditional density ofX given
Y = y:

fY=y(x) :=
fXY (x, y)

fY (y)
.

Then the conditional expectation E(X|Y = y) can be computed by integration against the
conditional density:

E(X|Y = y) =

∫
R
xfY=y(x) dx =

1

fY (y)

∫
R
xfXY (x, y) dx. (1.11)

Exercise 1.11. Verify that the function g(y) := E(X|Y = y) defined in (1.11) does in fact
yield the conditional expectation of X given Y . More precisely, show that∫

A
g(Y ) dP =

∫
A
X dP ∀A ∈ σ(Y )

and thus g(Y ) = E(X|Y ).

1.4 Supplement I: Gaussian random variables

In this section, we record some essential facts about Gaussian, or normal random variables.
Recall that an n× n matrix Q is called positive definite if ⟨Qx, x⟩ ≥ 0 for all x ∈ Rn.

Definition 1.15. A random variableX : Ω → R on a probability space (Ω,F ,P) is normal
or Gaussian with mean µ ∈ R and variance σ2 > 0 if the law of X has density

pX(x) :=
1√
2πσ2

exp

(
−(x− µ)2

2σ2

)
(x ∈ R) (1.12)

with respect to Lebesgue measure on R. We write X ∼ N(µ, σ2). By convention, X ∼
N(µ, 0) means that X = µ almost surely, corresponding to the Dirac measure at µ.

More generally, a random vector X : Ω → Rd, X = (X1, . . . , Xd), is called multi-
normal with mean m = (m1, . . . ,md) ∈ Rd and covariance matrix Q ∈ Rd×d if the law of
X has density

pX(x) =
1√

(2π)d(detQ)
exp

(
−1

2
⟨x−m,Q−1(x−m)⟩

)
(x ∈ Rd) (1.13)

with respect to Lebesgue measure on Rd, where Q is a symmetric, non-singular, positive
definite matrix (and thus detQ > 0). The entries of Q are given by

qjk = E[(Xj −mj)(Xk −mk)], j, k = 1, . . . , d.
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Remark 1.22. A random variable Z : Ω → R is called standard normal if Z ∼ N(0, 1). It
is easy to check that if X ∼ N(µ, σ2), then X−µ

σ is standard normal.

The following result is easily established using the explicit form of the density (1.12)
and integration by parts.

Proposition 1.23. If X : Ω → R is Gaussian with mean 0 and variance σ2 > 0, then

E(X2k) =
(2k)!

2kk!
σ2k and E(X2k+1) = 0 (k ∈ N). (1.14)

The above formulas show that all central moments of an N(0, σ2) distribution are
completely determined by the mean and variance.

The characteristic function of a random variable X : Ω → Rd is defined to be

ϕX(λ) := E exp(iλ ·X) (λ ∈ Rd). (1.15)

It is essentially the Fourier transform (up to some constants). If X ∼ N(µ, σ2), it is
straightforward to compute

ϕX(λ) = exp

(
iµλ− σ2

2
λ2
)

(λ ∈ R). (1.16)

In Rd, if X ∼ N(m,Q), then

ϕX(λ) = exp

(
i ⟨λ,m⟩ − 1

2
⟨Qλ, λ⟩

)
(λ ∈ Rd). (1.17)

It is a well-known fact in analysis that the Fourier transform maps L2(Ω,F ,P) onto
itself one-to-one (i.e. it is an automorphism). Thus the characteristic function uniquely
determines the distribution ofL2 random variables. Many results about Gaussian random
variables can be proved using characteristic functions.

Proposition 1.24. If X1, . . . , Xn : Ω → R are independent random variables with Xi ∼
N(µi, σ

2
i ), then for any constants a1, . . . , an ∈ R, it holds that

n∑
i=1

aiXi ∼ N

(
n∑

i=1

aiµi,
n∑

i=1

a2iσ
2
i

)
.

Proof. This is a direct calculation using characteristic functions, and is left as an exercise.

Theorem 1.25. Let Xi : Ω → R, i = 1, . . . , n, be random variables. The random vector
X = (X1, . . . , Xn) is normally distributed if and only if ⟨λ,X⟩ =

∑n
i=1 λiXi is normally

distributed for all vectors λ = (λ1, . . . , λn) ∈ Rn.

Proof. This is also a calculation using characteristic functions, see e.g. [Øks03, Theorem
A.5] for the details.

Two random variables X,Y are said to be uncorrelated if Cov(X,Y ) = 0. It is trivial
that independent random variables are uncorrelated, while the converse is false in general.
However, in the special case of Gaussian random variables, we have a partial converse.

Proposition 1.26. Let (X,Y ) be jointly normally distributed. Then X,Y are independent if and
only if they are uncorrelated.
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Proof. Assume that (X,Y ) is jointly normal and that Cov(X,Y ) = 0. Since characteristic
functions uniquely determine the distribution of L2 random variables, it suffices to prove

ϕ(X,Y )(λ) = ϕX(λ1)ϕY (λ2)

for allλ = (λ1, λ2) ∈ R2. SinceCov(X,Y ) = 0, the covariance matrix for the random vector
(X,Y ) is simply diag(qX , qY ), where qX = var(X), qY = var(Y ). We write mX = E(X)
and mY = E(Y ). Then by formula (1.17), we obtain

ϕ(X,Y )(λ) = exp

(
i(λ1mX + λ2mY )−

1

2
(λ21qX + λ22qY )

)
= eiλ1mX− 1

2
λ2
1qXeiλ2mY − 1

2
λ2
2qY = ϕX(λ1)ϕY (λ2)

for all λ ∈ R2, as required.

Exercise 1.12 (Important!). LetXn : Ω → Rd, n ∈ N, be a sequence of normally distributed
random variables on a probability space (Ω,F ,P).

(i) Establish the inequality

|ei⟨u,x⟩ − ei⟨u,y⟩| ≤ |u||x− y|

for all vectors u, x, y ∈ Rd.

(ii) Prove that if Xn → X in L2(Ω,F ,P), then X is normally distributed.
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2 Stochastic processes

2.1 Basic notions

Let (Ω,F ,P) be a probability space. At the most basic level, a stochastic process is simply
any collection of random variables {Xα}α∈I (where I is some indexing set) defined on
(Ω,F ,P). However, such a general definition is not useful, and we would like to have
some more structure. For practical applications, a stochastic process should capture the
evolution of some random phenomenon, and it is reasonable to equip our probability
space with some way of tracking the ‘information’ about the process available to us at a
given time. We thus introduce the following fundamental definition.
Definition 2.1. Let (Ω,F) be a measurable space, and (T,⪯) a totally ordered set. A
filtration is a family of σ-algebras (Ft)t∈T such that

(i) Ft ⊆ F for all t ∈ T;

(ii) Fs ⊆ Ft if s ⪯ t.
Thus a filtration is an increasing family of σ-algebras. In most applications, we consider

T to be N (this is the case for ‘discrete’ stochastic processes), [0,∞) or a compact interval
[0, T ], all equipped with the usual ordering ≤ inherited from R.

If a probability space (Ω,F ,P) admits a filtration (Ft)t≥0, we call it a filtered prob-
ability space. We can now introduce a very general yet useful definition of a stochastic
process.
Definition 2.2. Let (Ω,F , (Ft)t≥0,P) be a filtered probability space, and let (E,G) be a
measurable space. A stochastic process (Xt)t≥0 with values in E is a family of random
variables Xt : Ω → E. The process is said to be Ft-adapted, or simply adapted, if Xt is
Ft-measurable for every t ≥ 0. (In particular, Xt is Fs-measurable for all 0 ≤ s ≤ t).

The concept of adaptedness heuristically means that we do not need to ‘see into the
future’ in order to know everything about the random process at time t.
Remark 2.1 (On notation). We follow the usual convention of denoting the ‘time’ param-
eter with a subscript. However, we will sometimes write X(t) instead of Xt if there is
possible confusion with subscripts for partial derivatives.

We have introduced stochastic processes as families of random variables indexed by a
time variable t, i.e. for each t ≥ 0 we obtain a random variable X(t, ·) : Ω → E. However,
it is equally valid and very useful to view a stochastic process as a collection of paths in the
target space E. From this viewpoint, for each sample point ω ∈ Ω, we obtain a function

[0,∞) ∋ t 7→ X(t, ω) ∈ E.

These maps are then called the sample paths or trajectories of the process. A large part
of stochastic analysis involves understanding fine properties of sample paths of Brownian
motion.

We introduce two filtrations that are ubiquitous in this subject.
Definition 2.3. Let (Xt)t≥0 be a stochastic process. The natural filtration of the process
is defined to be

FX
t := σ(Xs : 0 ≤ s ≤ t).

Any stochastic process is automatically adapted to its natural filtration.
Now let (Ft)t≥0 be any filtration. For each t ≥ 0, we define

Ft+ :=
⋂
u>t

Fu.

This is sometimes called the σ-algebra of events immediately after t.
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The idea of Ft+ is that it captures the information available to us if we could ‘see
infinitesimally into the future’. This sounds quite strange at the moment, but it turns out
to be a rather important technicality in the study of stochastic processes with continuous
sample paths. Clearly Ft ⊆ Ft+, but it may be surprising that in general, Ft+ ̸= Ft. The
following example is rather artificial but instructive.

Example 2.2. Consider the sample space Ω = {0, 1} with σ-algebra F = {∅,Ω, {0}, {1}}.
Define a stochastic process by Xt = 0 for all t ∈ [0, 1). At t = 1, a fair coin is tossed, and
we define Xt(ω) = 1 − t if ω = 0, corresponding to tails, and Xt(ω) = t − 1 if ω = 1,
corresponding to heads. LetFt be the natural filtration. It is easy to check that for t ∈ [0, 1],
we have Ft = F1 = {∅,Ω}. However for t > 1, Ft = F . Hence F1 ̸= Ft for all t > 1, which
implies Ft+ ̸= F .

Filtrations in which Ft does coincide with Ft+ play an important role in stochastic
analysis.

Definition 2.4. We say a filtration (Ft)t≥0 is right-continuous if Ft = Ft+ for all t ≥ 0.
Given a filtration on a probability space (Ω,F ,P), we say that (Ft)t≥0 is complete if

each Ft contains all sets of probability 0. If (Ft)t≥0 on (Ω,F ,P) is right-continuous and
complete, we say that the filtration satisfies the usual conditions.

add some technical notes about completeness of filtration?

2.2 Stopping times

We continue with the natural interpretation that t represents the flow of time, and the
filtration (Ft)t≥0 keeps track of the information available to us about the random process
X(t) at time t. Quite often we will be interested in the first time a phenomenon occurs: the
first time a stock price rises above (or falls below) a certain value, the first time a solution
to a stochastic differential equation exits an interval J ⊆ R, and so on. This time will, of
course, be a random variable τ : Ω → [0,∞]. It is intuitively clear that the event (τ ≤ t)
— whether the phenomenon has occurred before time t— should be part of the available
information. This discussion motivates the definition of a stopping time.

Definition 2.5. Let (Ω,F , (Ft)t≥0,P) be a filtered probability space. A random variable
τ : Ω → [0,∞] is called a stopping time if (τ ≤ t) ∈ Ft for all t ≥ 0. Moreover, τ is called
an optional time if (τ < t) ∈ Ft for all t ≥ 0.

Remark 2.3. (i): Note that the definition of stopping times depends on the filtration!
(ii): For stochastic processes in discrete time (Xn)n∈N, stopping times are N-valued

random variables. In that case, it suffices to check that the event (τ = n) ∈ Fn for each
n ∈ N.

Proposition 2.4. Every stopping time is an optional time. If the filtration (Ft)t≥0 is right-
continuous, then every optional time is a stopping time.

Proof. Assume that τ is a stopping time. Then

(τ < t) =
⋃
n∈N

(τ ≤ t− 1
n) ∈ Ft

since (τ ≤ t− 1
n) ∈ Ft−1/n ⊆ Ft for all n ∈ N.

Now assume that τ is an optional time, and that the filtration is right-continuous.
Then

(τ ≤ t) =
⋂
n∈N

(τ < t+ 1
n) ∈

⋂
n∈N

Ft+1/n = Ft+ = Ft,

hence τ is a stopping time.
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The following facts are often used in calculations involving stopping times.

Proposition 2.5. Let (Ω,F ,P) be a probability space with a filtration (Ft)t≥0.

(i) Fix t0 ≥ 0. If τ = t0 almost surely, then τ is a stopping time.

(ii) If τ1, τ2 are stopping times, then τ1 ∧ τ2, τ1 ∨ τ2, and τ1 + τ2 are stopping times.

(iii) If (τn)n≥1 is an increasing sequence of stopping times, i.e. τn ≤ τn+1 almost surely, then
τ := limn→∞ τn is a stopping time. The same conclusion holds if τn is a decreasing sequence,
τn ↓ τ , and the filtration is right-continuous.

Proof. (i): This is trivial.
(ii): Observe that (τ1 ∧ τ2 ≤ t) = (τ1 ≤ t) ∩ (τ2 ≤ t) ∈ Ft, and similarly (τ1 ∨ τ2 ≤ t) =

(τ1 ≤ t) ∪ (τ2 ≤ t) ∈ Ft.
To show that τ1 + τ2 is a stopping time, consider the decomposition

(τ1 + τ2 > t) = (τ1 = 0, τ2 > t) ∪ (0 < τ1 < t, τ1 + τ2 > t) ∪ (τ1 > t, τ2 = 0) ∪ (τ1 ≥ t, τ2 > 0)

=: A1 ∪A2 ∪A3 ∪A4.

The events A1 and A3 clearly belong to Ft. The event A3 can be rewritten as

A3 = (τ1 ≥ t) ∩ (τ2 > 0) = (τ1 < t)c ∩ (τ2 ≤ 0)c ∈ Ft

where we have used Proposition 2.4 to deduce that (τ1 < t) ∈ Ft (and thus its complement
also belongs to Ft). Finally, the event A2 can be rewritten as

A2 =
⋃

q∈Q∩(0,t)

(q < τ1 < t) ∩ (t− q < τ2),

and we leave it to the reader to verify carefully that A2 ∈ Ft. Hence (τ1 + τ2 > t) ∈ Ft,
which implies that the complementary event (τ1 + τ2 ≤ t) also belongs to Ft.

(iii): Fix t > 0, and consider the event (τ ≤ t). If the sequence (τn) is increasing, we
have

( lim
n→∞

τn ≤ t) =
⋂
n≥1

(τn ≤ t) ∈ Ft

and hence τ is a stopping time. If the filtration is right-continuous and τn ↓ τ , then

(τ < t) =
⋃
n∈N

(τn < t) ∈ Ft,

see the first calculation of Proposition 2.4. This shows that τ is an optional time. As
the filtration is right-continuous, we conclude from Proposition 2.4 that τ is a stopping
time.

Now we will formalise the notion of ‘sampling at a random time’.

Definition 2.6. Let (Ft)t≥0 be a filtration on a probability space (Ω,F ,P), and let τ be an
Ft-stopping time. We define the stopped σ-algebra4 Fτ by

A ∈ Fτ
def.⇐⇒ A ∩ (τ ≤ t) ∈ Ft for all t ≥ 0.

4This is my own term. There does not seem to be a consensus for the name of this construction. In [KS91],
one finds the accurate but highly inconvenient name ‘σ-field of events determined prior to the stopping time
τ .’
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The definition is reasonable on intuitive grounds; however, we ought to show that Fτ

really is a σ-algebra. This is left as a simple exercise for the reader. Note that τ itself is
Fτ -measurable. Indeed, for any s, t ≥ 0, we have

(τ ≤ s) ∩ (τ ≤ t) = (τ ≤ s ∧ t) ∈ Fs∧t ⊆ Ft,

which proves the claim.

Exercise 2.1 (Approximating a stopping time from above). Let T be a Ft-stopping time
defined on a filtered probability space (Ω,F , (Ft)t≥0,P).

(i) If S is an FT -measurable random variable with values in [0,∞] such that T ≤ S a.s.,
then S is an Ft-stopping time.

(ii) Show that the random variables

Tn :=
∞∑
k=0

k + 1

2n
1(k2−n<T≤(k+1)2−n) +∞ · 1(T=∞), n = 1, 2, 3, . . .

are Ft-stopping times such that Tn ↓ T as n→ ∞.

2.3 A taste of martingale theory

Martingales are one of the fundamental tools of modern analysis and probability theory,
and originated in the study of gambling strategies. For the moment, we will present some
elementary facts, followed by some key results of an analytic nature. We will have much
more to say about martingales when we introduce stochastic integrals.

Definition 2.7. Let (Ω,F , (Ft)t≥0,P) be a filtered probability space. A stochastic process
(Mt)t≥0 is a martingale if:

(M1) (Mt)t≥0 is Ft-adapted;

(M2) E|Mt| <∞ for each t ≥ 0;

(M3) (‘Fair game’) E(Mt|Fs) =Ms for all 0 ≤ s ≤ t.

If (Mt)t≥0 is a stochastic process such that (M1), (M2) hold, then

(M3+) if E(Mt|Fs) ≥ Ms for all 0 ≤ s ≤ t, then (Mt)t≥0 is a submartingale (’winning
game’).

(M3−) if E(Mt|Fs) ≤ Ms for all 0 ≤ s ≤ t, then (Mt)t≥0 is a supermartingale (‘losing
game’).

To emphasise the dependence on the filtration, we can say thatMt is an Ft-martingale
(e.g. it could be that there is another filtration (G)t≥0 on the same probability space, but
Mt need not be adapted to Gt).

Of course, the above definitions can be reformulated for discrete time stochastic pro-
cesses (Mn)n∈N. Obviously,Mt is a supermartingale if and only if −Mt is a submartingale,
and Mt is a martingale if and only if Mt is both a sub- and supermartingale. These terms
actually derive from classical potential theory, in the study of harmonic, sub- and super-
harmonic functions.

Proposition 2.6. Let (Mt,Ft) be a martingale. The following assertions hold.

(i) E(Mt) = E(M0) for all t > 0.
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(ii) If (Nt,Ft) is another martingale (note that Nt is adapted to the same filtration!), then
aMt + bNt is also a martingale with respect to Ft.

(iii) If f : R → R is a convex (resp. concave) function such that E|f(X)| <∞, then (f(Mt),Ft)
is a submartingale (resp. supermartingale).

We leave the easy proofs as exercises: (i) follows from (M3) and the tower property
of conditional expectation, (ii) is obvious, and (iii) is proved using the conditional Jensen
inequality.

Exercise 2.2. Let X : Ω → R be a fixed, integrable random variable on the filtered
probability space (Ω,F , (Ft)t≥0,P). Show that Mt := E(X|Ft) defines an Ft-martingale.

Martingales have a wide range of applications in mathematical analysis, probability,
economics and finance, well beyond their initial purpose for the study of gambling strate-
gies. We recommend [Wil91, Chapter 15] as a tasting menu. From the stochastic analysis
perspective, a particularly important feature of martingales is that they ‘co-operate’ well
with stopping times. The following theorem of Doob is fundamental.

Theorem 2.7 (Optional sampling theorem). Let (Ω,F ,P) be a probability space with right-
continuous filtration (Ft)t≥0, and suppose (Mt)t≥0 is an Ft-(sub)martingale whose sample paths
are almost surely right-continuous. If S, T are stopping times such that S ≤ T < ∞ almost
surely, then

E(MT |FS) (≥) =MS almost surely. (2.1)

An easy but important corollary is the following:

Corollary 2.8. Let (Ft)t≥0 be a right-continuous filtration, and suppose (Mt)t≥0 is a continuous
martingale adapted to Ft. For any stopping time τ , the stopped process (M τ

t )t≥0, defined by

M τ
t :=Mt∧τ ,

is an Ft-martingale.

Proof. Let s < t. Since t ∧ τ is a stopping time for all t ≥ 0, it follows that

E(Mt∧τ |Fs∧τ ) =Ms∧τ

by Theorem 2.7.

To include: Doob maximal and Lp inequalities

2.4 A technical digression

We consider the general problem of constructing an appropriate probability space (Ω,F ,P),
that should, heuristically speaking, contain ‘all the information’ about a stochastic pro-
cess. What does it take, then, to ‘know’ a stochastic process? Recall that we can view a
stochastic process (X(t))t≥0 as a collection of paths or trajectories. Let us consider just the
case where our process takes values in R. Our candidate sample space is

Ω = R[0,∞) := {all functions f : [0,∞) → R}.

Fix n ∈ N and moments in time 0 ≤ t1 < t2 < . . . < tn, and corresponding intervals
I1, I2, . . . , In (the type of interval does not matter). If we ‘know’ the process, then we
should be able to determine the finite dimensional distribution

P(X(t1) ∈ I1, X(t2) ∈ I2, . . . , X(tn) ∈ In).
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This is a very practical constraint, since in real-world applications, we can only ever
perform finitely many observations of a random process. Thus we require that all sets of
the form

∏n
i=1(X(tj) ∈ Ij) are measurable, for all n ∈ N and choices of intervals I1, . . . , In.

For each finite ordered collection [t]n := (t1, . . . , tn) of non-negative real numbers and
corresponding intervals I1, . . . , In, define the cylinder set

C[t]n(I1 × I2 × · · · × In) := {f : [0,∞) → R | f(tk) ∈ Ik, 1 ≤ k ≤ n}. (2.2)

Then we consider the σ-algebra

σ(I1 × I2 × · · · × In : Ik ⊆ R intervals),

but this is exactly B(Rn), the Borel σ-algebra on Rn (this is essentially the higher-
dimensional analogue of Exercise 1.2).

Let T denote the set of all finite ordered collections [t] of distinct, non-negative
real numbers. Suppose that for each [t] ∈ T , we have a probability measure Q[t] on
(Rn,B(Rn)). For every n ∈ N and every [t]n = (t1, . . . , tn) ∈ T , we define

P(C[t]n(I1 × I2 × · · · × In)) := Q[t]n(I1 × I2 × · · · × In)

for each cylinder set. The measure Q[t]n can then be extended to all Borel sets B ⊆ Rn.
The collection of probability measures (Q[t])[t]∈T is called a family of finite-dimensional
distributions.

Definition 2.8. A family (Q[t])[t]∈T of finite-dimensional distributions is called consistent
if the following conditions hold:

(i) if [π(t)] := (tπ(1), . . . , tπ(n)) is a permutation of [t], where π ∈ Sym(n) denotes a
permutation on n letters, then for any Bi ∈ B(R), i = 1, . . . , n, we have

Q[t](B1 ×B2 × · · · ×Bn) = Q[π(t)](Bπ(1) ×Bπ(2) × · · · ×Bπ(n)).

(ii) if [t] = (t1, . . . , tn) with n ≥ 2 and [s] = (t1, . . . , tn−1) and A ∈ B(Rn−1), then

Q[t](A× R) = Q[s](A).

Let F := C (R[0,∞)) denote the σ-algebra generated by all cylinder sets. Of course, if
we are magically given a probability measure P on (Ω,F), then we can define a family of
finite-dimensional distributions by

Q[t](A) := P({ω ∈ Ω : (ω(t1), . . . , ω(tn)) ∈ A})

for all A ∈ B(Rn) and [t] ∈ T . One can check that this definition yields a consistent
family. We are interested in the converse: we would like to prescribe all finite-dimensional
distributions for a stochastic process, and construct an appropriate probability space. That
the consistency condition is sufficient is the non-trivial claim of the following result.

Theorem 2.9 (Daniell-Kolmogorov extension theorem). Let (Q[t])[t]∈T be a consistent fam-
ily of finite-dimensional distributions. Then there exists a (unique) probability measure P on
(R[0,∞),C (R[0,∞))) such that

Q[t](A) = P({ω ∈ R[0,∞) : (ω(t1), . . . , ω(tn)) ∈ A}), ∀A ∈ B(Rn) (2.3)

holds for all [t] ∈ T .

We will not present the long and technical proof; we merely remark that the main
theoretical tool used in the proof is the Carathéodory extension theorem. See [KS91,
Section 2.2A] for the details.
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2.5 Supplement: essential probabilistic tools

In this section, we collect some basic results in probability that will be essential to the
analysis of stochastic processes.

Proposition 2.10 (Markov-Chebyshev inequalities). Let X : Ω → R be a random variable on
a probability space (Ω,F ,P). For every 1 ≤ p <∞ and λ > 0, it holds that

P(|X| ≥ λ) ≤ 1

λp
E|X|p. (2.4)

Proof. We observe that

E|X|p =
∫
Ω
|X|p dP ≥

∫
(|X|≥λ)

|X|p dP = λpP(|X| ≥ λ).

In probability and stochastic analysis, we often want to determine when something
happens ‘infinitely often’. If (An)n∈N is a sequence of events in a probability space
(Ω,F ,P), we define

(An i.o.) := lim supAn :=

∞⋂
n=1

∞⋃
m=n

Am, (2.5)

where i.o. is an abbreviation for ‘infinitely often’. We have the following fundamental
lemma.

Lemma 2.11 (Borel-Cantelli). Let (An)n∈N be a sequence of events in a probability space
(Ω,F ,P). If

∑∞
n=1P(An) <∞, then

P(An i.o.) = 0.

On the other hand, if (An)n∈N is a sequence of independent events and
∑∞

n=1P(An) = +∞,
then

P(An i.o.) = 1.

Proof. Observe that for every n ∈ N, we have

P(An i.o.) ≤ P

( ∞⋃
m=n

Am

)
≤

∞∑
m=n

P(Am).

If the series
∑∞

n=1P(An) converges, then the right hand side of the above converges to 0
as n→ ∞. This proves the first assertion.

To prove the second assertion, we set pi := P(Ai), and prove the equivalent statement
P((An i.o.)c) = 0. Since the Ai are independent, for all N > m ≥ 1 we have

P

( N⋂
n=m

Ac
n

)
=

N∏
n=m

(1− pn) ≤
N∏

n=m

e−pn = exp

(
−

N∑
n=m

pn

)
−→ 0

asN → ∞, since the series of probabilities diverge to +∞. By continuity of measures, we
obtain

P

( ∞⋂
n=m

Ac
n

)
= lim

N→∞
P

( N⋂
n=m

Ac
n

)
= 0

for every m ≥ 1. Hence

P((An i.o.)c) = P

( ∞⋃
m=1

∞⋂
n=m

Ac
n

)
≤

∞∑
m=1

P

( ∞⋂
n=m

An

)
= 0

and indeed P(An i.o.) = 1.

add more as necessary
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3 Brownian motion

3.1 Basic properties

We are now ready to introduce the mathematical definition of one-dimensional Brownian
motion.

Definition 3.1. Let (Ω,F ,P) be a probability space with filtration (Ft)t≥0. An Ft-adapted
stochastic process (Wt)t≥0, where each Wt takes values in R, is a (standard) Brownian
motion or Wiener process if

(W1) W0 = 0 almost surely;

(W2) W has independent increments: for 0 ≤ s < t, Wt −Ws is independent of Fs;

(W3) Wt −Ws ∼ N(0, t − s), i.e. increments are normally distributed with mean 0 and
variance t− s;

(W4) Sample paths are almost surely continuous, that is,

P
(
{ω ∈ Ω : t 7→W (t, ω) is continuous on [0,∞)}

)
= 1.

We can also define Brownian motion starting at x ∈ R by replacing condition (W1) with
W0 = x almost surely. More generally, given a probability measure µ on (R,B(R)), we
define Brownian motion with initial distribution µ by requiring P(W0 ∈ B) = µ(B) for all
Borel subsets B ⊆ R in place of (W1).

Remark 3.1. Condition (W2) implies in particular thatWt−Ws is independent of any Fs-
measurable random variable X . It is also equivalent to the seemingly weaker condition:

(W2’) for all n ∈ N and indices 0 ≤ t0 < t1 < . . . < tn < ∞, the random variables
Wt0 ,Wt1 −Wt0 , . . . ,Wtn −Wtn−1 are independent.

In fact, if (Xt)t≥0 is any stochastic process satisfying (W2’), then for 0 ≤ s < t the increment
Xt − Xs is independent of FX

s . See [KS91, Chapter 2, Problem 1.4] for the proof of this
general statement, which uses the Dynkin theorem (1.4).

A fundamental problem is naturally to determine if a Brownian motion exists! We will
address this in detail in Section 3.2. For now, let us acquaint ourselves with elementary
consequences of the definition of Brownian motion.

Exercise 3.1 (Important!). Let (Wt,Ft) be a Brownian motion. Show the following facts:

(i) (−Wt, (Ft)t≥0) is a Brownian motion.

(ii) Cov(Wt,Ws) = s ∧ t.

(iii) Wt and Mt :=W 2
t − t are Ft-martingales.

Brownian motion is a particular example of various important types of stochastic
processes. In the previous exercise, we showed that (Wt)t≥0 is a continuous martingale
(more precisely, a martingale such that almost every sample path is continuous). Another
class of processes that appears frequently in applications is the following.

Definition 3.2. An Rd-valued stochastic process (Xt)t≥0 is called Gaussian if, for any
n ∈ N and moments of time 0 ≤ t1 < t2 < . . . < tn <∞, the random vector (Xt1 , . . . , Xtn)
has a joint normal distribution. Furthermore, if the distribution of (Xt+t1 , . . . , Xt+tn) is
independent of t ≥ 0, we say that the process is stationary.
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Remark 3.2. (i): The defining condition of Gaussian processes is equivalent to the fol-
lowing: for any n ∈ N, moments of time 0 ≤ t1 < t2 < . . . < tn < ∞, and vector
(a1, . . . , an) ∈ Rn, the random variable

∑n
k=1 akXtk has a normal distribution. Indeed,

this is a direct consequence of Theorem 1.25.
(ii): By considering characteristic functions, it can be shown that a Gaussian process

is completely determined by its expectation vector m(t) := E(Xt) and its (matrix-valued)
covariance function

ϱ(s, t) := E[(Xs −m(s))(Xt −m(t))⊤], s, t ≥ 0.

We say that a process is zero-mean if m(t) ≡ 0.

Proposition 3.3. The standard one-dimensional Brownian motion is a zero-mean Gaussian pro-
cess. Conversely, if X = (Xt)t≥0 is a zero-mean Gaussian process with continuous sample paths
and covariance function ϱ(s, t) = s ∧ t, then X is a standard Brownian motion.

Proof. The zero-mean property is obvious. To prove the Gaussian property, take arbitrary
points in time 0 ≤ t1 < t2 < . . . < tn and numbers a1, . . . , an ∈ R. By Remark 3.2(i),
we only need to show that Z :=

∑n
i=1 aiWti is normally distributed. The argument is

inductive. Consider first n = 2, so let Z = a1Wt1 + a2Wt2 . Then

Z = a1Wt1 + a2(Wt2 −Wt1 +Wt1) = (a1 + a2)(Wt1 −W0) + a2(Wt2 −Wt1)

which is a linear combination of independent Gaussian random variables. This has a
normal distribution by Proposition 1.24.

Now assume the claim holds for some n ≥ 2, and let 0 ≤ t1 < t2 < . . . < tn+1 and
a1, . . . , an, an+1 ∈ R be arbitrary. Define Z =

∑n+1
i=1 aiWti , and observe that

Z = a1Wt1 + . . .+ anWtn + an+1(Wtn+1 −Wtn +Wtn)

= a1Wt1 + . . .+ (an+1 − an)Wtn + an+1(Wtn+1 −Wtn).

By the induction hypothesis, the sum of the first n terms in the above expression defines
a Gaussian random variable, and note that it is independent of Wtn+1 −Wtn . Hence Z is
a Gaussian random variable.

Finally, the converse statement follows from Remark 3.2(ii).

We now examine some simple transformations that preserve the properties of Brow-
nian motion.

Proposition 3.4. Let (Wt,Ft) be a standard one-dimensional Brownian motion.

(i) (Time translation) Fix s ≥ 0, and define Bt := Wt+s − Ws. Then Bt is a Brownian
motion with respect to the filtration Gt = Ft+s. Moreover, (Bt)t≥0 is independent of
{Wu : 0 ≤ u ≤ s}.

(ii) (Time reversal) Fix T > 0 and define Bt = WT −WT−t for all t ∈ [0, T ]. Then Bt is a
Brownian motion with respect to the filtration Gt = σ(Bs : 0 ≤ s ≤ t).

(iii) (Scale invariance) Fix c > 0, and define Bt = cWt/c2 . Then Bt is a Brownian motion with
respect to the filtration Gt := Ft/c2 .

(iv) (Time inversion) Define

Bt :=

{
tW1/t t > 0

0 t = 0

and Gt = σ(W1/s : 0 < s ≤ t). Then (Bt,Gt) is a Brownian motion.
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Proof. Property (W1) is trivial for all four processes defined in the proposition. The
continuity on [0,∞) is clear for (i) and (iii), and likewise for the continuity on [0, T ] for (ii).
For the time-inverted process in (iv), the continuity for t > 0 is immediate, but continuity
up to t = 0 is quite non-trivial, so we defer this discussion to Section 3.3.

In (i), clearly Bt is adapted to Ft+s = Gt. Adaptedness is automatic in (ii), (iii) and (iv)
from the definition of Gt in each case. It remains to verify properties (W2) and (W3) for
each process.

(i) It is obvious that E(Bt) = 0 for all t ≥ 0, and if 0 ≤ t1 < t2, then

Bt2 −Bt1 = (Wt2+s −Ws)− (Wt1+s −Ws) =Wt2+s −Wt1+s ∼ N(0, t− s).

The above calculation also shows that Bt2 −Bt1 is independent of Ft1+s = Gt1 .

(ii) If 0 ≤ t1 < t2 ≤ T , we have

Bt2 −Bt1 = (WT −WT−t2)− (WT −WT−t1) =WT−t1 −WT−t2 ∼ N(0, t2 − t1).

Note that Gt1 = σ(WT −WT−s : 0 ≤ s ≤ t1). By property (W3) for (Wt)t∈[0,T ], we see
that WT−t1 −WT−t2 is independent of Gt1 .

(iii) If 0 ≤ s < t, then

Bt −Bs = c(Wt/c2 −Ws/c2) ∼ N(0, t− s),

and clearly Bt −Bs is independent of Fs/c2 = Gs.

(iv) By Proposition 3.3, it suffices to show that (Bt)t≥0 defines a zero-mean Gaussian
process, and then compute the covariance function.
It is clear that E(Bt) = 0 for every t ≥ 0, and the Gaussian property for Bt also
follows from the calculations of Proposition 3.3. If 0 < s ≤ t, we compute

Cov(Bs, Bt) = E(BsBt) = stE(W1/sW1/t) = st

(
1

s
∧ 1

t

)
= st · 1

t
= s.

Hence E(BtBs) = s ∧ t for all s, t ≥ 0. Finally, observe that tW1/t − sW1/s is
independent of any incrementW1/u−W1/s for all 0 < u ≤ s, and thus is independent
of σ(W1/u : 0 < u ≤ s) = Gs.

For completeness, we define Brownian motion with values in Rd.

Definition 3.3. Let µ be a probability measure on (Rd,B(Rd)), and let (Ω,F ,P) be a
probability space with filtration (Ft)t≥0. An Ft-adapted stochastic process B = (Bt)t≥0

on Ω with values in Rd is called a d-dimensional Brownian motion (Wiener process)
with initial distribution µ if

(i) P[B0 ∈ Γ] = µ(Γ) for all Borel sets Γ ⊆ Rd.

(ii) For 0 ≤ s < t, the increment Bt −Bs is independent of Fs.

(iii) For 0 ≤ s < t, Bt − Bs is normally distributed with mean 0 ∈ Rd and covariance
matrix (t− s)Id×d.

(iv) The sample path t 7→ Bt(ω) is continuous for P-almost every ω.

If µ is the Dirac measure at x ∈ Rd, then we say that B is a Brownian motion starting at x.
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It is straightforward to check that if Wt = (W 1
t , . . . ,W

d
t ) is a vector consisting of

independent 1-dimensional Brownian motionsW i
t , then Wt is a d-dimensional Brownian

motion. (In particular, use Proposition 1.26 to verify the independence of increments).
Conversely, if Wt is a d-dimensional Brownian motion, then the component processes
{W i

t : t ≥ 0, i = 1, . . . , d} form a family of independent 1-dimensional Brownian motions.
In this context, independence means thatW i

t ,W
j
s are independent for any i, j ∈ {1, . . . , d}

with i ̸= j and any t, s ≥ 0.

3.2 Existence of Brownian motion

The objective in this section is to give a rigorous construction of one-dimensional standard
Brownian motion. There are in fact several construction methods — we will first outline a
classic, measure-theoretic approach via the Daniell-Kolmogorov extension theorem (2.9),
then present in detail the Lévy-Ciesielski construction, which has a harmonic analysis
flavour.

Measure-theoretic construction

complete later

Lévy-Ciesielski construction

We will give an explicit construction, due to Lévy and Ciesielski, of a standard one-
dimensional Brownian motion on the time interval [0, 1]. Let us first explain why this is
sufficient for the construction of Brownian motion on [0,∞). One starts with a probability
space (Ω,F ,P) whose σ-algebra is rich enough to support a countable family of inde-
pendent N(0, 1) (i.e. standard Gaussian) random variables. We re-index this family so
that for each n ∈ N, there is a countable family of independent N(0, 1) random variables.
Given that we can obtain for each n ∈ N a standard Brownian motion (B

(n)
t )t∈[0,1], we

define recursively
Wt := B

(1)
t , t ∈ [0, 1],

Wt :=Wn +B
(n+1)
t−n , t ∈ [n, n+ 1].

(3.1)

Thus we can glue together countably many Brownian motions on [0, 1] to obtain a Brow-
nian motion on [0,∞).
Exercise 3.2. Verify in detail that (3.1) defines a standard one-dimensional Brownian
motion for t ∈ [0,∞).

The core idea of the Lévy-Ciesielski construction is to express Brownian motion as
a series whose coefficients are independent N(0, 1) random variables. This idea goes
back to Paley and Wiener, who investigated Fourier series with random coefficients. Our
presentation mainly follows [Eva13, Section 3.3].
Definition 3.4 (Haar wavelets). On the space L2(0, 1), we define

h0(t) ≡ 1,

h1(t) :=

{
1 0 ≤ t ≤ 1

2

−1 1
2 < t ≤ 1.

Then for all n ∈ N and 2n ≤ k < 2n+1, define

hk(t) :=


2n/2 k−2n

2n ≤ t ≤ k−2n+1/2
2n

−2n/2 k−2n+1/2
2n < t ≤ k−2n+1

2n

0 otherwise.
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Proposition 3.5. The collection {hk}∞k=0 of Haar wavelets form an orthonormal basis of L2(0, 1).

Proof. Clearly ∥h0∥2 = 1 and∫ 1

0
|hk(t)|2 dt = 2n(2−(n+1) + 2−(n+1)) = 1

for all k ≥ 1. If ℓ > k, then either hℓ(t)hk(t) = 0 for all t ∈ [0, 1], or else the support of hℓ
is contained in an interval on which hk is constant. In the second case, we have∫ t

0
hℓ(t)hk(t) dt = ±2n/2

∫ 1

0
hℓ(t) dt = 0.

Hence {hk}∞k=0 is an orthonormal family in L2(0, 1).
To prove that the family forms a basis, it suffices to prove that if ⟨f, hk⟩ = 0 for all

k ≥ 0, then f = 0 a.e. on [0, 1]. For k = 0, we have
∫ 1
0 f dt = 0. For k = 1, the condition∫ 1

0 h1f dt = 0 implies that ∫ 1/2

0
f dt =

∫ 1

1/2
f dt.

But then, both integrals above are equal to 0, since

0 =

∫ 1

0
f dt =

∫ 1/2

0
f dt+

∫ 1

1/2
f dt.

By induction, one shows that ∫ (k+1)/2n+1

k/2n+1

f dt = 0

for all n ∈ N and 0 ≤ k < 2n+1. Consequently,
∫ 1
0 1[r,s]f dt = 0 for all intervals [r, s]

with dyadic rational endpoints. Since the collection of all dyadic intervals [r, s] ⊆ [0, 1]
generates the Borel σ-algebra on [0, 1], thus the span of indicator functions 1[r,s] is dense
in L2(0, 1). It follows that f = 0 a.e., as required.

Exercise 3.3. Fill in the details of the induction argument in Proposition 3.5.

Obviously the Haar functions are not continuous. To obtain a stochastic process with
continuous sample paths, we require the following modification.

Definition 3.5. For each k = 0, 1, 2 . . ., define the k-th Schauder function by

Sk(t) :=

∫ t

0
hk(s) ds (0 ≤ t ≤ 1). (3.2)

Observe that each Sk is continuous on [0, 1], and the graph of Sk, for 2n ≤ k < 2n+1, is
a ‘tent’ of height 2−

n
2
−1 supported on the interval [k−2n

2n , k−2n+1
2n ]. We obtain

max
t∈[0,1]

|Sk(t)| = 2−
n
2
−1 for 2n ≤ k < 2n+1. (3.3)

The following technical result will be required later.

Lemma 3.6. The Schauder functions satisfy
∞∑
k=0

Sk(t)Sk(s) = t ∧ s

for all 0 ≤ t, s ≤ 1.
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Proof. For fixed s ∈ [0, 1], define

ϕs(τ) :=

{
1 0 ≤ τ ≤ s

0 s < τ ≤ 1.

If s ≤ t, observe that
∫ 1
0 ϕtϕs dτ = s. However, using Proposition 3.5, we can expand

ϕt, ϕs in the Haar basis to obtain∫ 1

0
ϕthk dτ =

∫ t

0
hk dτ = Sk(t),

and likewise
∫ 1
0 ϕshk dτ = Sk(s), for all k ≥ 0. Therefore∫ 1

0
ϕtϕs dτ =

∞∑
k=0

Sk(t)Sk(s)

which completes the proof.

Our intention is to define Brownian motion on [0, 1] as W (t) :=
∑∞

k=0AkSk(t), where
the Ak’s are independent N(0, 1) random variables. The following two lemmas contain
the technical work to ensure that such a series converges uniformly for P-almost every
ω ∈ Ω.

Lemma 3.7. Let (ak)∞k=0 be a sequence of real numbers such that

|ak| ≤ Ckδ, k ≥ 1,

for some constants C > 0 and 0 ≤ δ < 1
2 . Then the series

∞∑
k=0

akSk(t)

converges uniformly for t ∈ [0, 1].

Proof. Let ε > 0 be arbitrary. Notice that by construction, the functions Sk for 2n ≤ k <
2n+1 have disjoint supports. From the assumptions of the lemma, we have

bn := max
2n≤k<2n+1

|ak| ≤ C(2n+1)δ.

Then for all t ∈ [0, 1], we use the above estimate together with (3.3) to find

∞∑
k=2m

|ak||Sk(t)| ≤
∞∑

n=m

bn max
2n≤k<2n+1

max
t∈[0,1]

|Sk(t)| ≤ C
∞∑

n=m

(2n+1)δ2−
n
2
−1 < ε

for sufficiently large m ∈ N, since 0 ≤ δ < 1
2 .

Lemma 3.8. Let (Ak)
∞
k=0 be a sequence of independent N(0, 1) random variables. Then for

P-almost every ω, it holds that

|Ak(ω)| = O(
√
log k) as k → ∞.

Moreover, there exists anN-valued random variableK such that |Ak(ω)| ≤ 4k1/4 for all k ≥ K(ω)
and almost every ω ∈ Ω.
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Proof. For all x > 0 and k ≥ 2, we have

P(|Ak| > x) =
2√
2π

∫ ∞

x
e−

y2

2 dy ≤ 2√
2π
e−

x2

4

∫ ∞

x
e−

y2

4 dy ≤
√
2e−

x2

4

since 2√
2π

∫∞
0 e−y2/4 dy =

√
2. Setting x = 4

√
log k, we find

P(|Ak| > 4
√

log k) ≤
√
2e−4 log k =

√
2

k4
.

Since the series
∑ 1

k4
converges, the Borel-Cantelli lemma (2.11) implies that

P(|Ak| > 4
√

log k i.o.) = 0.

Therefore, for almost every ω, there exists K(ω) ∈ N such that

|Ak(ω)| ≤ 4
√
log k ≤ 4k1/4

for all k ≥ K(ω). The last inequality follows from the elementary estimate log t ≤ t1/2 for
all t ≥ 1.

Theorem 3.9. Let (Ω,F ,P) be a probability space on which there exists a sequence (Ak)
∞
k=0 of

independent N(0, 1) random variables. Then the series

W (t, ω) :=
∞∑
k=0

Ak(ω)Sk(t), t ∈ [0, 1],

converges uniformly in t for P-almost every ω ∈ Ω. Moreover, W is a Brownian motion on
[0, 1] (with the natural filtration), and in particular, for a.e. ω the sample path t 7→ W (t, ω) is
continuous.

Proof. The uniform convergence of the series in t for almost every ω follows from Lem-
mas 3.7 and 3.8. Since the Schauder functions Sk are continuous, the uniform convergence
also yields the continuity of the sample path t 7→W (t, ω) for almost every ω.

Now we prove that W is a Brownian motion on [0, 1]. Clearly W (0) = 0. To show that
each increment Wt −Ws ∼ N(0, t− s), we compute the characteristic function.

E[eiλ(Wt−Ws)] = E

[
exp

(
iλ

∞∑
k=0

Ak(Sk(t)− Sk(s))

)]

(independence of Ak’s) =
∞∏
k=0

E
[
eiλAk(Sk(t)−Sk(s))

]
(since Ak ∼ N(0, 1)) =

∞∏
k=0

e−
λ2

2
(Sk(t)−Sk(s))

2

= exp

(
−λ

2

2

∞∑
k=0

[
S2
k(t)− 2Sk(t)Sk(s) + Sk(s)

2
])

(Lemma 3.6) = e−
λ2

2
(t−2s+s) = e−

λ2

2
(t−s).

By uniqueness of characteristic functions, we obtain Wt −Ws ∼ N(0, t− s).
It remains to show that Wt −Ws is independent of σ(Wu : 0 ≤ u ≤ s). It suffices to

prove the following: for all m ∈ N and 0 = t0 < t1 < . . . < tm ≤ 1, it holds that

E

[
exp

(
i

m∑
k=1

λk(Wtk −Wtk−1
)

)]
=

m∏
k=1

e−
λ2k
2
(tk−tk−1) (3.4)
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for all λ = (λ1, . . . , λm) ∈ Rm. Indeed, the above implies that the random variables
Wt1 ,Wt2 −Wt1 , . . . ,Wtm −Wtm−1 are independent. The proof is then complete by Re-
mark 3.1.

For the case m = 2, let λ1, λ2 ∈ R and 0 < t1 < t2 ≤ 1 be arbitrary. We compute

E
[
ei(λ1Wt1+λ2(Wt2−Wt1 ))

]
= E

[
ei(λ1−λ2)Wt1+λ2Wt2 )

]
= E

[
exp

(
i(λ1 − λ2)

∞∑
k=0

AkSk(t1) + iλ2

∞∑
k=0

AkSk(t2)

)]

=
∞∏
k=0

E
(
eiAk[(λ1−λ2)Sk(t1)+λ2Sk(t2)]

)
=

∞∏
k=0

e−
1
2
((λ1−λ2)Sk(t1)+λ2Sk(t2))

2

= exp

(
−1

2

∞∑
k=0

[(λ1 − λ2)Sk(t1) + λ2Sk(t2)]
2

)
.

Using Lemma 3.6 again, we obtain
∞∑
k=0

[(λ1 − λ2)Sk(t1) + λ2Sk(t2)]
2 =

∞∑
k=0

[(λ1 − λ2)
2Sk(t1)

2 + 2(λ1 − λ2)λ2Sk(t1)Sk(t2) + λ22Sk(t2)
2]

= (λ1 − λ2)
2t1 + 2(λ1 − λ2)λ2t1 + λ22t2

= λ21(t1 − t0) + λ22(t2 − t1).

Therefore
E
[
ei(λ1Wt1+λ2(Wt2−Wt1 ))

]
= e−

λ21
2
(t1−t0)e−

λ22
2
(t2−t1),

which is (3.4) for m = 2. The general case follows by induction.

3.3 Regularity of sample paths

The following important theorem, due to Kolmogorov (like so many important results
in probability), gives a sufficient criterion for sample paths to be Hölder continuous. To
state the theorem more precisely, we require a definition: given two stochastic processes
(Xt)t∈I and (Yt)t∈I defined on the same probability space, we say that Y is a modification
of X (or a version of X) if

P
(
ω ∈ Ω : X(t, ω) = Y (t, ω)

)
= 1 for every t ∈ I. (3.5)

Theorem 3.10 (Kolmogorov continuity criterion). LetX(·) be an Rd-valued stochastic process
on a probability space (Ω,F ,P). Suppose that

E|Xt −Xs|α ≤ C|t− s|1+β, 0 ≤ s, t ≤ T (3.6)

for some positive constants α, β, C. Then there exists a continuous version X̃ of X which is
uniformly γ-Hölder continuous for every γ ∈ (0, β/α) on [0, T ]. More precisely,

P

(
ω ∈ Ω : ∃M =M(ω, γ, T ) > 0 such that sup

s ̸=t∈[0,T ]

|X̃t(ω)− X̃s(ω)|
|t− s|γ

≤M

)
= 1.

Theorem 3.11 (Hölder continuity of Brownian motion). Let Wt = (W 1
t , . . . ,W

d
t ) be an Rd-

valued Brownian motion on [0, T ]. For almost all ω, the sample path t 7→ W(t, ω) is uniformly
Hölder continuous on [0, T ] for every exponent 0 < γ < 1

2 .
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Proof. For all s, t ∈ [0, T ] such that t− s > 0 and for all m ∈ N, we have

E(|Wt −Ws|2m) =
1

(2π(t− s))d/2

∫
Rd

|x|2me−
|x|2

2(t−s) dx

=
(t− s)m

(2π)d/2

∫
Rd

|y|2me−
|y|2
2 dy

= C|t− s|m.

Thus the conditions of Theorem 3.10 are satisfied with α = 2m and β = m − 1. Conse-
quently, for almost every ω, the process is uniformly Hölder continuous on [0, T ] for every
exponent 0 < γ < m−1

2m = 1
2 − 1

2m . Since m ∈ N was arbitrary, the conclusion follows.

to include: nowhere differentiability, completion of Prop.3.4
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4 Stochastic integrals

We are working towards a rigorous understanding of stochastic differential equations of
the form

dXt = b(Xt)dt+ σ(Xt)dWt (4.1)

where b, σ : R → R are deterministic functions, and the ‘noise term’ dWt intuitively
represents an infinitesimal increment of Brownian motion. However, from the previous
section, we know that almost all sample paths of Brownian motion are nowhere differ-
entiable, so that dWt cannot be interpreted in a classical way as dW

dt . Nevertheless, if we
formally integrate equation (4.1), we arrive at the expression

Xt = X0 +

∫ t

0
F (Xs) ds+

∫ t

0
σ(Xt) dWs. (4.2)

The object
∫ t
0 σ(Xs) dWs is a stochastic integral with respect to Brownian motion. We will

see that such an object is well-defined for a large class of stochastic processes.

4.1 Total and quadratic variation

In order to construct a stochastic integral, we will need to examine some oscillation
properties of Brownian motion. Let f : [0, T ] → R be a Borel measurable function, and fix
a partition π of [0, T ], i.e. a finite sequence of points 0 = t0 < t1 < . . . < tn = T . Consider
the quantity

Vπ(f) :=
n∑

k=1

|f(tk)− f(tk−1)|.

We use the standard notation ∥π∥ := max1≤k≤n(tk − tk−1), which is called the mesh size of
the partition.

Definition 4.1. Let Π denote the family of all partitions of [0, T ]. The total variation of f
is defined by

VT (f) := sup
π∈Π

Vπ(f).

If VT (f) <∞, we say that f has bounded variation and write f ∈ BV ([0, T ]).
For a given partition π, we also define

Qπ(f) :=

n∑
k=1

|f(tk)− f(tk−1)|2,

and the quadratic variation is defined as

QT (f) := lim
∥π∥→0

Qπ(f). (4.3)

Example 4.1. (i) The function f(t) = sin(1/t) on (0, 1] has V (f) = ∞.

(ii) Every bounded monotone function on [0, T ] is of bounded variation, with V (f) =
|f(T )− f(0)|. For a given partition {0 = t0 < t1 < . . . < tn = T}, we clearly have

n∑
k=1

|f(tk)− f(tk−1)| =

∣∣∣∣∣
n∑

k=1

f(tk)− f(tk−1)

∣∣∣∣∣ = |f(T )− f(0)|.

It is a classic result in analysis that every function f ∈ BV ([0, T ]) can be expressed
as the difference of two monotone increasing functions. (Indeed, one can check that
the decomposition f = 1

2(Vt(f) + f)− 1
2(Vt(f)− f) works).
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(iii) If f can be written as f(t) = f(0) +
∫ t
0 f

′(s) ds such that
∫ T
0 |f ′(s)| ds < ∞, then

f ∈ BV ([0, T ]). In fact, it can be shown that V (f) =
∫ T
0 |f ′(s)| ds in this case.

Exercise 4.1 (Important!). Show that if f ∈ BV ([0, T ]) ∩ C([0, T ]), then

QT (f) := lim
∥π∥→0

Qπ(f) = 0.

The important observation to make from Exercise 4.1 is that a continuous function with
non-zero quadratic variation cannot be of bounded variation. Understanding quadratic
variation is the key to developing stochastic calculus.

Remark 4.2. Note that when (4.3) is applied to a stochastic process, the result is a random
variable. If we compute the quadratic variation of a process on [0, t] for all t > 0, we obtain
the quadratic variation process.

Theorem 4.3. Let (Wt,Ft) be a standard one-dimensional Brownian motion defined on [0, T ].
Then

QT (W ) = T

almost surely. In particular, almost every sample path of Brownian motion is not of bounded
variation on any interval [0, T ].

Proof. We will prove that

E|Qπ(W )− T |2 −→ 0 as ∥π∥ → 0.

Fix a partition π = {0 = t0 < t1 < . . . < tn = T} of [0, T ]. Then

E(Qπ(W )) =
n∑

k=1

E|Wtk −Wtk−1
|2 =

n∑
k=1

(tk − tk−1) = T

and consequently

E|Qπ(W )− T |2 = E(Qπ(W )2)− (EQπ(W ))2 = E(Qπ(W )2)− T 2.

It remains to calculate E(Qπ(W )2). For convenience of notation, let us denote Brownian
increments by ∆Wk := Wtk −Wtk−1

. Then ∆Wj and ∆Wk are independent if j < k. We
also recall from Proposition 1.23 that ifX ∼ N(0, t), then E(X4) = 3t2. Now we compute

E(Qπ(W )2) = E

[( n∑
k=1

∆W 2
k

)2
]
=

n∑
k=1

E(∆W 4
k ) + 2

∑
j<k

E(∆W 2
j ∆W

2
k )

= 3

n∑
k=1

(tk − tk−1)
2 + 2

∑
j<k

(tj − tj−1)(tk − tk−1)

= 2
n∑

k=1

(tk − tk−1)
2 +

[
n∑

k=1

(tk − tk−1)

]2

= 2

n∑
k=1

(tk − tk−1)
2 + T 2.

Let {πm}m≥1 be any increasingly fine sequence of partitions of [0, T ]. We may conclude

E|Qπm(W )− T |2 = E(Qπm(W )2)− T 2 = 2

n∑
k=1

(tk − tk−1)
2 ≤ 2∥πm∥T −→ 0

as m → ∞. The convergence in L2(Ω,F ,P) implies almost-sure convergence up to a
subsequence, and hence QT (W ) = T in L2. The last assertion follows from Exercise 4.1.
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Definition 4.2. For a real-valued, adapted stochastic process (Xt,Ft), we denote the
quadratic variation process of X by ⟨X⟩t.

Now let Xt, Yt be R-valued stochastic processes. Given a partition π = {0 = t0 < t1 <
. . . < tn = T} of [0, T ], we define

Qπ(X,Y ) :=
n∑

k=1

(Xtk −Xtk−1
)(Ytk − Ytk−1

).

The cross-variation of X and Y on the interval [0, T ] is then defined as

⟨X,Y ⟩T := lim
∥π∥→0

Qπ(X,Y ), (4.4)

where the limit is taken in L2(Ω,F ,P).
Finally, if Xt = (X1

t , . . . , X
d
t ) is an Rd-valued stochastic process, the cross-variation

process ⟨X⟩t of X is a matrix-valued process with entries defined as

⟨X⟩ijT := ⟨Xi, Xj⟩T .

Observe that ⟨X,X⟩T is just the quadratic variation ofX on [0, T ]. The cross-variation
bracket has many properties of an inner product.

Proposition 4.4. The cross-variation bracket ⟨·, ·⟩ satisfies the following properties, where all
(in)equalities are understood to hold P-almost surely and for all t ∈ [0, T ]:

(i) ⟨X⟩t = ⟨X,X⟩t ≥ 0.

(ii) ⟨X,Y ⟩t = ⟨Y,X⟩t.

(iii) ⟨aX + bY, Z⟩t = a ⟨X,Z⟩t + b ⟨Y, Z⟩t for all a, b ∈ R.

(iv) (Polarisation) ⟨X,Y ⟩t =
1
2(⟨X + Y ⟩t − ⟨X⟩t − ⟨Y ⟩t) =

1
4(⟨X + Y ⟩t − ⟨X − Y ⟩t).

(v) (Cauchy-Schwarz) | ⟨X,Y ⟩t |2 ≤ ⟨X⟩t ⟨Y ⟩t.

If one assumes that the convergence (4.4) holds, then the proofs are easy. Nevertheless
it is quite a challenge to prove that the cross-variation exists for a sufficiently large class
of processes. Moreover, the definition using partitions is certainly unwieldy, and there is
a much more ‘natural’ characterisation of quadratic variation from the point of view of
martingale theory. We take these considerations for granted in the meantime, and direct
the interested reader to well-known references such as [RY99, Chapter IV] and [KS91,
Chapters I, III].

Observe that ⟨·, ·⟩ is a bilinear form (on an appropriate space of processes), but fails to
be a genuine inner product, since ⟨X⟩t = 0 need not imply that Xt = 0 almost surely for
all t ∈ [0, T ]. Indeed, a counterexample is given by the trivial processXt = 1 for all ω ∈ Ω
and t ∈ [0, T ]. More generally, by Exercise 4.1, any stochastic process X for which almost
every sample path belongs to BV ([0, T ]) ∩ C([0, T ]) satisfies ⟨X⟩t = 0.

In Theorem 4.3, we computed ⟨W ⟩t = t for all t ≥ 0. This is a rather special result. It
turns out that Brownian motion is essentially the unique process in the class of continuous
martingales with this property. We state the following beautiful characterisation due to
Lévy. To include: Levy’s martingale characterisation of BM, but maybe defer to chapter
6?
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4.2 Construction of the Itô integral

The result of Theorem 4.3 shows the impossibility of defining an integral with respect
to Brownian motion in a ‘pathwise’ manner. To be precise, if we fix a sample point ω,
then the function t 7→Wt(ω) is continuous on [0,∞). However, since it is not of bounded
variation on any interval [0, T ], we cannot interpret∫ T

0
Xt(ω)dWt(ω)

literally in the Riemann-Stieltjes sense. Nevertheless, not all is lost, and some ideas
from the Riemann-Stieltjes construction are still useful. Note that it is possible to define
stochastic integrals of the type ∫ T

0
Ft dMt

for more general processes (Mt)t≥0 (namely, continuous semimartingales), but for sim-
plicity we will mainly consider the case of Brownian motion in these notes.

We begin by defining a class of elementary processes for which there is a natural
definition of stochastic integral. Throughout this section, we consider a filtered prob-
ability space (Ω,F , (Ft)t≥0,P) where the filtration satisfies the usual conditions (recall
Definition 2.4).

Definition 4.3. A stochastic process (Xt)t≥0 is called progressively measurable if for any
t ≥ 0, the mapping

[0, t]× Ω ∋ (s, ω) 7→ Xs(ω) ∈ R

is measurable with respect to the product σ-algebra B([0, t])⊗Ft.

Remark 4.5. A stochastic process is called measurable if the mapping (t, ω) 7→ Xt(ω)
is measurable with respect to B([0,∞)) ⊗ F . A progressively measurable process is
evidently measurable, and one can check that it is alsoFt-adapted. The converse statement
‘almost’ holds, due to the following theorem of Chung and Doob: if X is a measurable,
Ft-adapted process, then there exists a progressively measurable version X̃ of X . This
is a non-trivial result, and we will not include the technical proof, see [Mey66, Theorem
T46, p. 68].

Definition 4.4. Let (Ω,F ,P) be a probability space with a filtration (Ft)t≥0 satisfying the
usual conditions. We say that (Ft)t≥0 is an elementary process if it is of the form

Ft =
n∑

i=1

Ai−11(ti−1,ti](t)

for some partition {t0 = 0 < t1 < t2 < . . . < tn = T} of [0, T ], where for each 1 ≤ i ≤ n,
the random variable Ai−1 : Ω → R is Fti−1-measurable. We denote by E2(0, T ) the set of
all elementary processes on [0, T ] satisfying E|Ft|2 <∞ for all t ∈ [0, T ].

Exercise 4.2. Verify that E2(0, T ) is a real vector space, and that every elementary process
F ∈ E2(0, T ) is progressively measurable.

For each F ∈ E2(0, T ), we observe that

|Ft|2 =
n∑

i=1

A2
i−11(ti−1,ti](t),
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since the indicator functions 1(ti−1,ti] are disjoint. If we define the functional

∥F∥L2 :=

(
E

∫ T

0
|Ft|2 dt

)1/2

, (4.5)

then clearly ∥F∥L2 <∞ for all F ∈ E2(0, T ), and (4.5) defines a norm on E2(0, T ).
Definition 4.5 (Itô integral for elementary processes). Let (Wt)t≥0 be a standard one-
dimensional Brownian motion defined on the filtered probability space (Ω,F , (Ft)t≥0,P).
Let F ∈ E2(0, T ) be given, so that Ft =

∑n
i=1Ai−11(ti−1,ti](t) for some partition 0 = t0 <

t1 < . . . < tn = T and Fti−1-measurable random variables Ai−1. We define∫ T

0
Ft dWt := IT (F ) :=

n∑
i=1

Ai−1(Wti −Wti−1). (4.6)

It is essential to recognise that IT (F ) is a random variable. The basic properties of this
integral are collected below.
Lemma 4.6. Let F,G ∈ E2(0, T ). The following assertions hold:

(i) IT (F ) is FT -measurable, and E[IT (F )] = 0.

(ii) (Isometry) The map

E2(0, T ) ∋ F 7→ IT (F ) ∈ L2(Ω,F ,P)

is a linear isometry, and E|IT (F )|2 = ∥F∥2L2 .

(iii) (Inner product) ⟨F,G⟩L2 := E[IT (F )IT (G)] is well-defined, and

⟨F,G⟩L2 = E

∫ T

0
Ft ·Gt dt.

Proof. For convenience, we write ∆Wi :=Wti −Wti−1 for Brownian increments.
(i): It is clear that IT (F ) is FT -measurable. Since each Ai−1 is Fti−1-measurable, in

particular it is independent of the Brownian increment ∆Wi. Hence

E[IT (F )] =

n∑
i=1

E(Ai−1∆Wi) =

n∑
i=1

E(Ai−1)E(∆Wi) = 0.

(ii): It is immediate from the definition (4.6) that IT (λF ) = λIT (F ) for any λ ∈ R.
Additivity of the integral is left as an exercise (the details are similar to Exercise 4.2).

To prove the isometry property, we observe firstly that for positive integers j < k, the
random variableAj−1Ak−1∆Wj is Fj-measurable, and hence independent of ∆Wk. Then
we compute

E|IT (F )|2 = E

(
n∑

k=1

Ak−1∆Wk

)2

=

n∑
j,k=1

E(Aj−1Ak−1∆Wj∆Wk)

=

n∑
k=1

E[A2
k−1(∆Wk)

2] + 2
∑
j<k

E(Aj−1Ak−1∆Wj∆Wk)

=
n∑

k=1

E(A2
k−1)E((∆Wk)

2) + 2
∑
j<k

E(Aj−1Ak−1∆Wj)E(∆Wk)

=

n∑
k=1

E(A2
k−1)(tk − tk−1) + 0 = E

∫ T

0
|Ft|2 dt = ∥F∥2L2 .
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(iii): This follows from (ii) via the polarisation formula ab = 1
4 [(a+ b)2 − (a− b)2], and

the reader may easily verify the details.

The isometry property of the integral (4.6) is extremely important. It allows us to
extend the definition to a larger class of stochastic processes.

Definition 4.6. Two adapted stochastic processes X and Y defined on [0,∞) are equiva-
lent if

Xt(ω) = Yt(ω) for λ1 ⊗P-almost every (t, ω),

where λ1 is the Lebesgue measure on [0,∞). We define L2
W (0, T ) to be the space of

equivalence classes of processes X : [0,∞)× Ω → R such that

(i) X is progressively measurable (see Definition 4.3); and

(ii) ∥X∥2L2(0,T ) = E
∫ T
0 |Xt|2 dt <∞.

Remark 4.7. The definition of equivalence introduced above actually depends on the
quadratic variation of the process for which we will construct the stochastic integral. This
is why we write L2

W (0, T ) to emphasise the dependence on Brownian motion. Recall that
⟨W ⟩t = t, and so the integral with respect to dt is simply the usual Lebesgue integral. For
integration with respect to a more general continuous martingaleM , we need to consider
the measure d ⟨M⟩t. Details can be found on [KS91, p. 130].

Since we mainly consider stochastic integrals with respect to Brownian motion in these
notes, we will drop the subscriptW and simply write L2(0, T ). Clearly this space embeds
into the Hilbert space

HT := L2([0, T ]× Ω,B([0, T ])⊗F , λ1 ⊗P).

Lemma 4.8. For any 0 < T ≤ ∞, the space L2(0, T ) is a closed subspace of HT , and hence is a
Hilbert space with respect to the norm (4.5).

Proof. Let (X(n))n≥1 be a convergent sequence in L2(0, T ) with limit X ∈ HT . By passing
to a subsequence if necessary, we may assume thatX(n) converges toX for λ1⊗P-almost
every (t, ω). Then X is B([0, T ]) ⊗ F-measurable, but a priori we do not know if it is
progressively measurable. To rectify this, define

A :=
{
(t, ω) ∈ [0, T ]× Ω : lim

n→∞
X

(n)
t (ω) exists in R

}
and

Yt(ω) := 1A(t, ω) lim
n→∞

X
(n)
t (ω).

By construction, Y is equivalent to X , and inherits progressive measurability from the
sequence (X(n))n≥1. Thus we conclude X ∈ L2(0, T ).

Theorem 4.9. The space of elementary processes E2(0, T ) is dense in L2(0, T ).

Proof. Let X ∈ L2(0, T ) be given. The proof requires a 3-step approximation.
Step 1: We first approximate X by bounded processes. This is accomplished easily by

defining
X

(n)
t (ω) := Xt(ω)1[−n,n](Xt(ω)).

ObviouslyX(n)
t (ω) → Xt(ω) pointwise in (t, ω) as n→ ∞. By the dominated convergence

theorem, we have that ∥X(n) −X∥L2(0,T ) → 0 as n→ ∞.
Step 2: Next, we show that a bounded process Y ∈ L2(0, T ) can be approximated by

bounded processes with continuous paths. This is the tricky step. We can construct a
sequence (ψn)n≥1 of non-negative continuous functions satisfying
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(i) spt(ψn) ⊆ [− 1
n , 0]; and

(ii)
∫
R ψn(x) dx = 1 for all n ≥ 1.

Then define the processes Y (n) by convolutions:

Y (n)(t, ω) :=

∫
R
ψn(s− t)Y (s, ω) ds =

∫ t

0
ψn(s− t)Y (s, ω) ds, (4.7)

where we trivially extend Y (s, ω) = 0 for s ≤ 0, for all ω. Exercise 4.3 below shows
that each Y (n) is a bounded process with continuous paths. Importantly, each Y

(n)
t is

progressively measurable, but this not immediate—see Remark 4.10 below. For each ω,
we have that ∫ T

0
|Y (n)(s, ω)− Y (s, ω)|2 ds→ 0

as n → ∞, since (ψ)n≥1 forms an approximate identity. Hence ∥Y (n) − Y ∥L2(0,T ) → 0 as
n→ ∞, by dominated convergence.

Step 3: Finally, every continuous, bounded, progressively measurable process Z can
be approximated by elementary processes. Given a sequence of partitions πm = {0 =
t0 < t1 < . . . < tmn = T} of [0, T ], we define

Z(n)(t, ω) :=

mn∑
k=1

Z(tk−1, ω)1(tk−1,tk](t).

Then each Z(n) is elementary, since Ztk−1
is Ftk−1

-measurable. Moreover, the continuity
of t 7→ Z(t, ω) for each ω yields that∫ T

0
|Z(n)(t, ω)− Z(t, ω)|2 dt

as n → ∞, for each ω. Thus we conclude ∥Z(n) − Z∥L2(0,T ) → 0 as n → ∞ by dominated
convergence. This completes the proof.

Exercise 4.3. (i): Consider the continuous function ψ : R → [0,∞) defined by

ψ(s) := 2(1− |2s+ 1|) ∨ 0.

Verify that the sequence ψn(x) := nψ(nx) satisfies the conditions required for Step 2 in
the proof of Theorem 4.9.

(ii): Assume that |Y (t, ω)| ≤ M for all (t, ω). Show that, for every n ≥ 1, the map
t 7→ Y (n)(t, ω) is continuous for every ω, and |Y (n)(t, ω)| ≤M .

Remark 4.10. (i): We quote the following result from [KS91, Problem 1.2.19]: let (Xt)t≥0

be anRd-valued progressively measurable process, and f : [0,∞)×Rd → R be a bounded,
B([0,∞))⊗ B(Rd) measurable function. Then the process

Yt :=

∫ t

0
f(s,Xs) ds, t ≥ 0

is progressively measurable.
(ii): In many advanced texts on stochastic calculus, stochastic integration is usually

developed in the context of a general theory of continuous martingales. In Theorem 4.9
we adopt the more ‘hands-on’ analytic approach, as seen for example in [Øks03, Section
3.1].
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Using Theorem 4.9, we can define the Itô integral for all X ∈ L2(0, T ).

Definition 4.7. Let X ∈ L2(0, T ). The Itô integral of X on [0, T ] is defined by∫ T

0
XtdWt := lim

n→∞

∫ T

0
F

(n)
t dWt, limit in L2(Ω,F ,P), (4.8)

for any sequence (F (n))n≥1 ⊂ E2(0, T )of elementary processes such that∥F (n)−X∥L2(0,T ) →
0 as n→ ∞.

Of course, the definition does not depend on the choice of approximating sequence.
Moreover, the integral satisfies all the properties listed in Lemma 4.6. We restate the
properties below for the reader’s convenience.

Proposition 4.11. Let F,G ∈ L2(0, T ). The following assertions hold:

(i) IT (F ) is FT -measurable, and E[IT (F )] = 0.

(ii) (Isometry) The map

L2(0, T ) ∋ F 7→ IT (F ) ∈ L2(Ω,F ,P)

is a linear isometry, and E|IT (F )|2 = ∥F∥2L2 .

(iii) (Inner product) (F,G)L2 := E[IT (F )IT (G)] is well-defined, and

(F,G)L2 = E

∫ T

0
Ft ·Gt dt.

The proofs follow from simple reasoning with limits. We observe in particular that
because the isometry property holds on the dense subspace E2(0, T ), the linear map
F 7→ IT (F ) extends in a unique way to L2(0, T ).

Finally, we define indefinite stochastic integrals and ‘stopped’ integrals.

Definition 4.8. Let 0 < T ≤ ∞ and X ∈ L2(0, T ). Given a stopping time τ such that
τ ≤ T almost surely, define∫ τ

0
Xt dWt :=

∫ T

0
1(t≤τ)(t)Xt dWt. (4.9)

As a special case, if τ = t (i.e. a deterministic time), we obtain the indefinite Iô integral

It(X) =

∫ t

0
Xs dWs, t ≥ 0.

We note that (4.9) is well-defined, since E
∫ T
0 |1(t≤τ)Xt|2 dt ≤ E

∫ T
0 |Xt|2 dt <∞, and it

can be shown that 1(t≤τ)(t)Xt is progressively measurable. Hence 1(t≤τ)(·)X ∈ L2(0, T ).
Integrals over other time intervals are defined in a way similar to (4.9). If 0 ≤ s < t ≤ T ,

then we set ∫ t

s
Xr dWr :=

∫ T

0
1[s,t](r)Xr dWr

for all X ∈ L2(0, T ). It is then clear that∫ t

s
Xr dWr =

∫ u

s
Xr dWr +

∫ t

u
Xr dWr

for all 0 ≤ s < u < t ≤ T .
One of the most important properties of the indefinite Itô integral is that it is a

continuous martingale.
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Theorem 4.12. Let F ∈ L2(0, T ). Then the process It(F ) =
∫ t
0 Fs dWs is an Ft-martingale

with a continuous version.

Proof. We prove the martingale property for F ∈ E2(0, T ) first. Suppose that F has the
decomposition

Ft =

m∑
k=1

Ak−11(tk−1,tk](t).

The proof of Theorem 4.9 shows that we may assume Ft is almost surely bounded for
each t. In particular, we may assume that each Aj is almost surely bounded.

For s < t, we have

E

(∫ t

0
Fu dWu

∣∣∣∣Fs

)
= E

(∫ s

0
Fu dWu +

∫ t

s
Fu dWu

∣∣∣∣Fs

)
= Is(F ) +E

(∫ t

s
Fu dWu

∣∣∣∣Fs

)
,

using the fact that Is(F ) =
∫ s
0 Fu dWu is Fs-measurable. Next, we write ∆Wk = Wtk −

Wtk−1
, and thus ∫ t

s
Fu dWu =

∑
s≤tk−1<tk≤t

Ak−1∆Wk,

where the sum only involves points of the partition {0 = t0 < t1 < . . . < tm = T}
contained in the interval [s, t]. Using thatAk−1∆Wk isFs-measurable and Proposition 1.16
(‘taking out what is known’), we compute

E

(∫ t

s
Fu dWu

∣∣∣∣Fs

)
=

∑
s≤tk−1<tk≤t

E[Ak−1∆Wk|Fs]

=
∑

s≤tk−1<tk≤t

E[E(Ak−1∆Wk|Ftk−1
)|Fs]

=
∑

s≤tk−1<tk≤t

E[Ak−1E(∆Wk|Ftk−1
)|Fs] = 0.

In the last step, we recalled that ∆Wk is independent of Ftk−1
, and hence E(∆Wk|Ftk−1

) =
E(∆Wk) = 0. We have thus shown the martingale property

E(It(F )|Fs) = Is(F )

for all F ∈ E2(0, T ). The integrability of It(F ) follows from the Hölder inequality and the
Itô isometry:

E|It(F )| ≤ E|It(F )|2 = E

∫ t

0
|Fs|2 ds ≤ ∥F∥2L2(0,T ) <∞.

Let (F (n)
t )t≥0 be a sequence of elementary processes such that ∥F (n) − F ||L2(0,T ) → 0

as n → ∞. proof of continuity: requires Borel-Cantelli and Doob maximal inequality,
complete later
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5 Stochastic calculus and the Itô formula

Experience with Riemann integration shows that it is one thing to develop a theory of
integration and another problem entirely to compute explicit integrals. No doubt a large
part of the success of the theory stochastic integration is due to the robust computational
tools available, namely the stochastic calculus. The fundamental tool of this calculus is the
Itô formula, or the stochastic chain rule.

Throughout this chapter, we employ the same notations and conventions as Chapter
4.

5.1 Computations from first principles

Before we develop the basic rules of stochastic calculus, it is important to compute some
special cases of stochastic integrals from first principles.

Lemma 5.1. Let (Wt)t≥0 be a standard one-dimensional Brownian motion, and let πn = {0 =
tn0 < tn1 < . . . < tnmn

= T} be a sequence of partitions of [0, T ] such that ∥πn∥ → 0 as n → ∞.
Define

Rn
λ :=

mn∑
k=1

W (τnk )[W (tnk)−W (tnk−1)].

where τnk := (1− λ)tnk−1 − λtnk is an intermediate point. Then

lim
n→∞

Rλ
n =

W (T )2

2
+

(
λ− 1

2

)
T, limit in L2(Ω,F ,P). (5.1)

Proof. We employ a very sneaky algebraic trick:

b(c− a) = (b− a)(c− a) +
1

2
(c2 − a2)− 1

2
(c− a)2.

Then

Rn
λ =

mn∑
k=1

[W (τnk )−W (tnk−1)][W (tnk)−W (tnk−1)] +
1

2

mn∑
k=1

[W (tnk)
2 −W (tnk−1)

2]

− 1

2

mn∑
k=1

[W (tnk)−W (tnk−1)]
2

=: An +Bn − Cn.

The sum appearing in Bn is telescoping, and hence we obtain

Bn =
1

2
[W (tnmn

)2 −W (tn0 )
2] =

W (T )2

2

for all n ≥ 1. The sum in Cn converges in L2(Ω) to the quadratic variation of W on [0, T ]
as n→ ∞, and thus Cn → T

2 as n→ ∞ (see Theorem 4.3).
Next, we rewrite

An =

mn∑
k=1

[W (τnk )−W (tnk−1)]
2 +

mn∑
k=1

[W (τnk )−W (tnk−1)][W (tnk)−W (τnk )]

=: Dn + En.

By adapting the proof of Theorem 4.3, one shows easily thatDn → λT inL2(Ω) as n→ ∞.
We also leave it as a simple (but slightly tedious) exercise to show that En → 0 in L2(Ω)
as n→ ∞, using the independence of Brownian increments.
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Lemma 5.1 shows that the limit of the Riemann sums Rn
λ depends on the choice of

intermediate points! Observe that the Itô integral corresponds to λ = 0 (left end-points).
Thus Lemma 5.1 establishes the result∫ T

0
Wt dWt =

W (T )2

2
− T

2

from first principles. There is an extra term T
2 — the Itô correction — which does not

appear in deterministic integration. A more useful way to rewrite the formula above is to
recall that the T is the quadratic variation of W on [0, T ]. Thus∫ t

0
Ws dWs =

1

2
(W 2

t − ⟨W ⟩t), t ∈ [0, T ]. (5.2)

Formula (5.2) suggests the formal derivative

“d(W 2) = 2WdW + d ⟨W ⟩t ”.

We will see later that Itô’s chain rule essentially says that the stochastic differential (to
be defined shortly) of a composition always looks like the deterministic chain rule plus a
correction involving the quadratic variation of the integrand.

We now give a formal meaning to the stochastic differential. To do so, we introduce the
space L1(0, T ), which is defined similarly to L2(0, T ). Namely, it is the (Banach) space of
progressively measurable processes X such that

∥X∥L1(0,T ) := E

∫ T

0
|Xt| dt <∞.

Definition 5.1 (Stochastic differentials). Let X be a real-valued stochastic process satisfy-
ing

Xt = X0 +

∫ t

0
Fs ds+

∫ t

0
Gs dWs P-almost surely

for some F ∈ L1(0, T ) and G ∈ L2(0, T ), and for all 0 ≤ t ≤ T . We say that X has
stochastic differential

dX = Fdt+GdW on [0, T ]. (5.3)

It is important to note that the symbols dt, dW have no meaning alone — they are
defined as abbreviations of the integral expression.

We compute another special case of a stochastic differential.

Lemma 5.2. Let f ∈ BV ([0, T ]) (recall Definition 4.1). Then

d(fW ) =Wdf + fdW,

where the term Wdf is interpreted as the usual Riemann-Stieltjes integral.

Proof. Let 0 ≤ r < s ≤ T . The stochastic differential, by definition, means that

W (s)f(s)−W (r)f(r) =

∫ s

r
W df +

∫ s

r
f dW.

Fix a partition π = {r = t0 < t1 < . . . < tn = s} of [r, s]. We consider the telescoping sum

W (s)f(s)−W (r)f(r) =

n∑
k=1

W (tk)f(tk)−W (tk−1)f(tk−1)

=

n∑
k=1

f(tk−1)[W (tk)−W (tk−1)] +

n∑
k=1

W (tk)[f(tk)− f(tk−1)]

=: A+B.
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Since f is a bounded deterministic function, it can be trivially considered as an element
of L2(0, T ). Hence, by the definition of the Itô integral, we have thatA converges in L2(Ω)
to
∫ s
r f dW as ∥π∥ → 0.
Observe that in the term B, we evaluate W at the right end-point of each partition

interval. However, since W is almost-surely continuous and f is of bounded variation,
this is just a ‘usual’ Riemann sum. Hence B converges almost-surely, and also in L2(Ω)
by dominated convergence, to the Riemann-Stieltjes integral

∫ s
r W df as ∥π∥ → 0.

5.2 The product rule

In this section, we prove the stochastic product rule (or integration by parts).

Theorem 5.3. SupposeX,Y are real-valued stochastic processes on [0, T ] with differentials given
by

dX = F1dt+G1dW, dY = F2dt+G2dW,

where Fi ∈ L1(0, T ) and Gi ∈ L2(0, T ). Then

d(XY ) = XdY + Y dX +G1G2dt. (5.4)

Theorem 5.3 is often derived as a simple consequence of the (multidimensional version
of the) Itô chain rule. However, it can also be established directly using martingale theory,
and it is perhaps more useful to view it this way. While we will not dive into the technical
details in this section, let us discuss the key ideas. Firstly, we compute the cross-variation
process ⟨X,Y ⟩ (recall Definition 4.2). Write

Xt = X0 +

∫ t

0
F1 dt+

∫ t

0
G1 dW =: X0 +At +Mt

and similarly Yt = Y0 + Bt + Nt with analogous definitions. Importantly, the processes
A,B are continuous and have bounded variation on [0, T ]. Indeed, since Fi ∈ L1(0, T ),
the functions t 7→ F i(t, ω) belong to (the usual!) L1(0, T ) for almost every ω, and then one
can verify that primitives of L1(0, T ) functions have the stated properties. Note also that
M,N are continuous martingales (recall Theorem 4.12).

Since the cross-variation is a bilinear form, and clearly the cross-variation of a time-
independent random variable with any stochastic process is 0 almost surely, we obtain

⟨X,Y ⟩t = ⟨X0 +A+M,Y0 +B +N⟩t
= ⟨A,B⟩t + ⟨A,N⟩t + ⟨M,B⟩t + ⟨M,N⟩t .

We leave it as an exercise to show that all terms except ⟨M,N⟩t are equal to 0 almost
surely.

Exercise 5.1. (i) Let f ∈ L1(0, T ). Verify in detail that the function

F (t) :=

∫ t

0
f(s) ds

belongs to BV (0, T ) ∩ C([0, T ]).

(ii) (Important!) Let X be a process for which almost every sample path belongs to
BV (0, T ) ∩ C([0, T ]), and let Y ∈ L2(0, T ). Then

⟨X,Y ⟩t = 0 a.s. for all t ∈ [0, T ].

[Hint: Cauchy-Schwarz.]
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Exercise 5.1 shows that ⟨X,Y ⟩t = ⟨M,N⟩t, and thus our problem is reduced to the
computation of the cross-variation of two Itô integrals.

Proposition 5.4. For any process F ∈ L2(0, T ), the process Xt :=
∫ t
0 F dW has quadratic

variation
⟨X⟩t =

∫ t

0
F 2
s d ⟨W ⟩s =

∫ t

0
F 2
s ds on [0, t] (5.5)

for every t ∈ [0, T ].

A complete proof of Proposition 5.4 is rather involved, since we need to establish that
the quadratic variation actually exists for a general continuous martingale. Although we
have the density result of Theorem 4.9, recall that

∫ t
0 F dW is an object in its own right, so

that the problem is not simply a matter of passing a limit under an integral.
We will merely give some indication of why the result is true by verifying the conclu-

sion for elementary processes. If F ∈ E2(0, T ) with decomposition

Ft =
n∑

k=1

Ak−11(tk−1,tk](t)

on [0, T ], we compute

It(F ) =

∫ t

0
Fs dWs =

∑
0≤tk−1<tk≤t

Ak−1(Wtk −Wtk−1
)

=

n∑
k=1

Ak−1(Wtk∧t −Wtk−1∧t).

Denote M (k)
t := Wtk∧t −Wtk−1∧t. Observe that for t ≤ tk−1, we have M (k)

t = 0, and for
t ≥ tk, we have M (k)

t = Wtk −Wtk−1
. Hence M (k) is almost surely constant except on the

interval [tk−1, tk]. Moreover, if j ̸= k, then M (k) and M (j) are orthogonal in the sense that
the cross-variation bracket vanishes: ⟨M (k),M (j)⟩t = 0 for all t ∈ [0, T ]. This follows from
the disjointness of the intervals [tk−1, tk] and the observation thatM (k) is constant outside
of this interval. Hence we obtain

⟨I(F )⟩t =
〈 n∑

k=1

Ak−1M
(k)

〉
t

=
n∑

k=1

⟨Ak−1M
(k)⟩t + 2

∑
j<k

⟨Aj−1M
(j), Ak−1M

(k)⟩t

=

n∑
k=1

A2
k−1 ⟨M (k)⟩t + 2

∑
j<k

Aj−1Ak−1 ⟨M (j),M (k)⟩t︸ ︷︷ ︸
=0

=

n∑
k=1

A2
k−1 ⟨M (k)⟩t .

We leave it as a simple exercise to check that

⟨M (k)⟩t = ⟨Wtk∧(·)⟩t − ⟨Wtk−1∧(·)⟩t = ⟨W ⟩tk∧t − ⟨W ⟩tk−1∧t .

Therefore

⟨I(F )⟩t =
n∑

k=1

A2
k−1

(
⟨W ⟩tk∧t − ⟨W ⟩tk−1∧t

)
=

∫ t

0
F 2 d ⟨W ⟩ ,

which is (5.5) for elementary processes.
Taking Proposition 5.4 and some martingale theory as a black box, the proof of the

product rule is now straightforward.
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Proof of Theorem 5.3. We treat the special case whereX = Y ; that is, for dX = Fdt+GdW
we establish

d(X2) = 2XdX +G2 dt.

Recall that this means

X2
t = X2

0 + 2

∫ t

0
X dX +

∫ t

0
G2 dt for all t ∈ [0, T ]. (5.6)

If π = {0 = t0 < t1 < . . . < tn = t} is a partition of [0, t], then observe that

n∑
k=1

(Xtk −Xtk−1
)2 =

n∑
k=1

[X2
tk
−X2

tk−1
− 2Xtk−1

(Xtk −Xtk−1
)]

= X2
t −X2

0 − 2

n∑
k=1

Xtk−1
(Xtk −Xtk−1

).

As ∥π∥ → 0, the left hand side converges to ⟨X⟩t =
∫ t
0 G

2 dt by Proposition 5.4. It can also
be shown that the sum on the right hand side converges to

∫ t
0 X dX . Thus∫ t

0
G2 dt = X2

t −X2
0 − 2

∫ t

0
X dX,

and (5.6) is proved.
The general case follows by the polarisation identity:

d(XY ) =
1

2
d((X + Y )2)− 1

2
d(X2)− 1

2
d(Y 2)

= (X + Y )d(X + Y ) +
1

2
(G1 +G2)

2 dt

−
(
XdX +

1

2
G2

1 dt

)
−
(
Y dY +

1

2
G2

2 dt

)
= XdY + Y dX +G1G2dt.

Remark 5.5. To highlight the important role of quadratic variation in stochastic calculus,
we often write

d(XY ) = XdY + Y dX + d ⟨X,Y ⟩ .

The cross-variation term can then be ‘expanded’, as described above, to produced ⟨X,Y ⟩ =
G1G2dt. This is a good way to remember the stochastic product rule: it is the ‘usual’ prod-
uct rule plus a ‘stochastic correction’ given by the cross-variation.

5.3 The chain rule: Itô’s formula

We are now in a position to state and prove the fundamental result of stochastic calculus,
the Itô chain rule. It is essential for computations with stochastic processes, but moreover
it provides a concrete link between stochastic differential equations (SDE) and partial
differential equations (PDE).

A function u : [0, T ] × R → R is said to be of class C1,2([0, T ] × R) if u is continuous,
and the partial derivatives ut, ux, uxx exist and are continuous.

Theorem 5.6. Suppose X has stochastic differential

dX = Fdt+GdW on [0, T ]
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for some F ∈ L1(0, T ) and G ∈ L2(0, T ). Assume that u ∈ C1,2([0, T ] × R). Then the
composition Yt := u(t,Xt) has the stochastic differential

dY =
∂u

∂t
(t,Xt)dt+

∂u

∂x
(t,Xt)dX +

1

2

∂2u

∂x2
(t,Xt)G

2dt

=

(
∂u

∂t
(t,Xt) +

∂u

∂x
(t,Xt)F +

1

2

∂2u

∂x2
(t,Xt)G

2

)
dt+

∂u

∂x
(t,Xt)GdW.

(5.7)

Proof. The proof proceeds in three steps.
Step 1: We begin with the case u(x) = xm for m ∈ N. Thus we need to show

d(Xm) = mXm−1dX +
1

2
m(m− 1)Xm−2G2 dt. (5.8)

This is trivial for m = 1, and the case m = 2 was proved already in Theorem 5.3. The
general case follows by induction. Assume that (5.8) holds for some m ≥ 1. We prove it
for m+ 1, using the product rule:

d(Xm+1) = d(X ·Xm)

= Xd(Xm) +XmdX + d ⟨X,Xm⟩

= X

(
mXm−1dX +

1

2
m(m− 1)Xm−2G2dt

)
+XmdX + d ⟨X,Xm⟩

= (m+ 1)XmdX +
1

2
m(m− 1)Xm−1G2dt+ d ⟨X,Xm⟩ .

Since dX = Fdt+GdW and

d(Xm) = mXm−1(Fdt+GdW ) +
1

2
m(m− 1)Xm−2G2dt

= (bounded variation part) dt+mXm−1GdW,

it follows that
d ⟨X,Xm⟩ = mXm−1G2dt.

Therefore

d(Xm+1) = (m+ 1)XmdX +

(
1

2
m(m− 1) +m

)
Xm−1G2dt

= (m+ 1)XmdX +
1

2
(m+ 1)mXm−1G2dt,

which proves (5.8) for m+ 1.
Hence Itô’s chain rule is valid for all monomials xm, m = 0, 1, 2, . . ., and consequently

it holds for all polynomials by linearity of the d operator.
Step 2: Next, consider functions of the form u(t, x) = g(t)f(x), where f, g are polyno-

mials. We compute

du(t,Xt) = d(g · f(X))

= f(X)dg + gd(f(X))

= f(X)g′dt+ g

(
f ′(X)dX +

1

2
f ′′(X)G2dt

)
=
∂u

∂t
(t,Xt)dt+

∂u

∂x
(t,Xt)dX +

1

2

∂2u

∂x2
(t,Xt)G

2dt,
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and thus the Itô chain rule holds for all functions of the form

u(t, x) =

m∑
i=1

gi(t)f i(x),

namely, all polynomials in the two variables t, x.
Step 3: Given u ∈ C1,2([0, T ]× R), there exists a sequence of polynomials (u(n))n∈N in

the two variables (t, x) such that

u(n) → u, u
(n)
t → ut, u

(n)
x → ux, u

(n)
xx → uxx

uniformly on compact subsets of [0, T ]× R. From Step 2, we have

u(n)(s,Xs)− u(n)(0, X0) =

∫ s

0

(
∂u(n)

∂t
+
∂u(n)

∂x
F +

1

2

∂2u(n)

∂x2
G2

)
dt

+

∫ s

0

∂u(n)

∂x
GdW P-almost surely,

for all 0 ≤ s ≤ T , where we have omitted the argument (t,Xt) for brevity. To obtain
Itô’s formula in the general case, we need to take n→ ∞ in the above identity. (complete
later)

We conclude this section by stating the multidimensional generalisation of the Itô
formula. We say that a function u : [0, T ] × Rn → R is of class C1,2([0, T ] × Rn) if u is
continuous, ut exists and is continuous, and all spatial derivatives up to order 2 (uxi , uxixj )
exist and are continuous.

Theorem 5.7. Let W = (W 1, . . . ,W d) be a d-dimensional Brownian motion, and assume the
Rn-valued process X = (X1, . . . , Xn) is given by

dX = Fdt+GdW,

where F ∈ L1(0, T ;Rn) and G ∈ L2(0, T ;Rn×d). Then, for every real-valued u ∈ C1,2([0, T ]×
Rn), it holds that

du(t,Xt) =
∂u

∂t
(t,Xt) + [∇u](t,Xt) · dX +

1

2
tr([D2u](t,Xt)GG

⊤) dt (5.9)

where ∇u and D2u denote the gradient vector and Hessian matrix of u respectively.

Remark 5.8. The generalised Itô formula provides a direct link between stochastic pro-
cesses and PDE. Expanding out (5.9) and suppressing the argument (t,Xt) yields the
expression

du(t,Xt) =

(
∂u

∂t
+ F · ∇u+

1

2
tr(D2uGG⊤)

)
dt+∇u ·GdW

=

(
∂u

∂t
+ Lu

)
dt+∇u ·GdW,

where L is the second-order differential operator given by

Lv := F · ∇v + 1

2
tr(D2vGG⊤).

In typical applications, G is an invertible matrix, and then L is uniformly elliptic.
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In the special case that Xt = Wt (so F ≡ 0 and G = I , the identity matrix), and
u ∈ C2(Rn) is time independent, we have

u(Wt) = u(W0) +

∫ t

0
∇u(Ws) · dWs +

1

2

∫ t

0
∆u(Ws) ds,

where ∆ =
∑n

i=1
∂2

∂x2
i

is the Laplacian.

Example 5.9. (i) Consider the real-valued process given by

St = eσWt−σ2

2
t,

where W is a standard one-dimensional Brownian motion and σ > 0 is a constant.
This is the product of two processes: Yt = eσWt and At = e−

σ2

2
t. Note that dA =

−σ2

2 Adt (in the sense of ordinary calculus). The product rule yields

dS = d(Y A) = Y dA+AdY + d ⟨Y,A⟩ = Y dA+AdY,

since ⟨Y,A⟩ = 0 (why?). Then we use the Itô chain rule to calculate

dY = d(eσW ) = σeσWdW +
1

2
σ2eσWdt = Y

(
σdW +

σ2

2
dt

)
Therefore

dS = Y

(
−σ

2

2
Adt

)
dt+AY

(
σdW +

σ2

2
dt

)
= −σ

2

2
Sdt+ σSdW +

σ2

2
Sdt = σSdW.

We discover that S solves the stochastic differential equation dS = σSdW . Observe
in particular that the solution is not simply given by eσWt .

(ii) Let X satisfy the stochastic differential equation dX = bXdt + σXdW on [0, T ],
where b ∈ R and σ > 0 are constants. Therefore, for all t ∈ [0, T ], we have∫ t

0

dXs

Xs
=

∫ t

0
b ds+

∫ t

0
σdWs = bt+ σWt.

On the other hand, motivated by the term dX
X , we compute the following using the

Itô formula:

d(lnX) =
1

X
dX − 1

2

1

X2
(σ2X2)dt =

1

X
dX − 1

2
σ2dt,

which by definition means that

ln

(
Xt

X0

)
=

∫ t

0

dXs

Xs
− 1

2

∫ t

0
σ2 dt =

∫ t

0

dXs

Xs
− 1

2
σ2t.

This shows that ∫ t

0

dXs

Xs
= ln

(
Xt

X0

)
+

1

2
σ2t = bt+ σWt,

and hence, we have found a solution to the original SDE:

Xt = X0 exp

[(
b− 1

2
σ2
)
t+ σWt

]
, t ∈ [0, T ].

This represents a very simple model for a stock price with drift b, volatility σ, and
initial price X0.
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Exercise 5.2. (i) Derive the product rule using the multidimensional Itô formula with
u(x, y) = xy.

(ii) For a 1-dimensional Brownian motion, prove the identity∫ t

0
W 2

s dWs =
1

3
W 3

t −
∫ t

0
Ws ds.

(iii) Let W = (W 1,W 2) be a 2-dimensional Brownian motion. Compute the stochastic
differential of the process Yt := |Wt|2 = (W 1

t )
2 + (W 2

t )
2.

5.4 Supplement: Stratonovich integral

(include later)
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6 Semimartingales and Itô processes

This chapter could have been placed much earlier in these notes (after Chapter 2, for
instance). It appears in its current position simply because we wished to give a rather
direct approach to stochastic calculus, with minimal development of the general theory
of martingales. However, it would be foolish to omit this material, since martingales are
such a fundamental part of stochastic analysis. Despite this, the impatient reader could
skip ahead to the next chapter on first reading without spoiling the overall story.

We continue with the conventions and notations of the previous two chapters. In
particular, we are always working on a filtered probability space, and for convenience,
we will assume that the filtration (F)t≥0 satisfies the usual conditions. In addition, we
consider exclusively processes with continuous sample paths.

6.1 Local martingales
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7 Introduction to stochastic differential equations
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